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Abstract

Let K be a number field, let v be a finite place of K, let f € K|[z] be a degree d > 2 polynomial with v|d, and
let a € K. We show that if f is postcritically bounded and has potential good reduction with respect to v, then the
arboreal representation associated to the pair (f, a) is either finite or infinitely wildly ramified above v.

1 Introduction

Let K be a number field. For f € K|[z] with degree d > 2, let f™ denote the nth iterate of f (with the convention that
f%(2) = 2), and for a € K, let f~"(a) denote the set of solutions in K to f"(z) = a. We define the set of iterated
preimages of a under f to be

To(foa) = {a} U F (@)U f2(a) U - .

Here, we are considering T, (f, a) as a subset of K, and not as a tree or a multiset. Note that if a is not in the
postcritical set of f then f"(z) — a has d" distinct roots in K for all n > 0, which shows that T, ( f, a) is infinite. If v
is a finite place of K, then we say that f has good reduction at v if f is monic and the valuation of all the coefficients of
f are non-negative. We say that f has potential good reduction at v if there is some degree 1 polynomial 1 € K[z] for
which o f o u=! € K|z] has good reduction with respect to any extension of v to K. We say that f is postcritically
bounded with respect to v if for any extension of v to K, the set

{f™(y) | n = 0,~ acritical point of f} is v-adically bounded.
Define field extensions K, /K and K, /K by setting

K,=K(f(a) and Ky =K(Tw(f.a))=|] Kn.
n>0

We say that K, /K is infinitely ramified above a prime p of K if for every sequence of primes

pCPLCSPrC -,

where 3, is a prime of K,,, we have that e(*,,|p) — oo as n — oo, and we say that K, /K is infinitely wildly
ramified above p if v, (e(B,,
the fact that each extension K,/ K is Galois shows that if this is true for one such sequence of primes then it is true for

p)) — oo as n — 0o, where p € Z is the unique rational prime lying below p. Note that

any such sequence of primes. In [9, Conjecture 6], they conjecture that if f is a PCF polynomial of degree d > 2 and
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the extension K, /K is an infinite extension, then there is at least one prime p of K lying above d for which K, /K
is infinitely wildly ramified above p (see also [10, conjecture 1.2] and [7, section 1]). We prove that this is actually
true in the case where f has potential good reduction at a finite place v | d of K. In particular, we show the following:

Theorem 1. Let K be a number field and let v be a finite place of K lying above the rational prime p € Z. Suppose
that f € K|z] is a degree d polynomial that is postcritically bounded at v and has potential good reduction at v, and
that p|d. Let a € K be such that #T(f,a) = oo, let K,, = K(f~"™(a)), and let K, be the union of the K, for
n > 0. Then K/ K is infinitely wildly ramified above p, where p is the prime of K corresponding to v.

We will see that we can pass to the completion K, in order to translate the above into a problem about local fields of
characteristic 0 and residue field characteristic p, where v | p. In the case where K is a local field of characteristic 0
and residue field characteristic p, if we have a tower of finite Galois extensions - - - /K5/K; /K and K, is the union
of all the K, then we say that K, /K is infinitely ramified if e(K,, /K) — oo as n — oo, and we say that K, /K is
infinitely wildly ramified if v, (e(K,, /K)) — oo as n — co. We will show that Theorem 1 is implied by the following:

Theorem 2. Let (K,v) be a local field of characteristic 0 and residue field characteristic p. Let f € Oklz] be a
monic postcritically bounded polynomial that fixes 0 and has degree d, with p | d. Suppose that a € Ok is not in the
postcritical set of f. Let K,, = K(f™"(a)) and let K, denote the union of all the K,, for n > 0. Then K, /K is
infinitely wildly ramified.

Often, a postcritically bounded polynomial is forced to have potential good reduction at some finite place v|d for
geometric reasons. For example, if f € K|[z] is a postcritically bounded polynomial of prime power degree d = p’ >
2, then it has potential good reduction at v (see Lemma 9). Thus Theorem 1 shows that if f € K|z] is a polynomial
of prime power degree d = p’ > 2 that is postcritically bounded at v, and if @ € K is such that #7(f,a) = oo,
then K./ K is infinitely wildly ramified above p. In fact, we will see that an appropriate conjugate of f will have
monomial good reduction, which allows us to recover a special case of a result due to Sweeney (see [14, Theorem
4.3]) concerning arboreal representations of prime power degree polynomials. However, work by Anderson, Manes,
and Tobin (see [2, Theorem 1]) shows that it is possible for a postcritically finite polynomial to fail to have potential
good reduction at some v|d in the case where d is not a prime power. Thus the issue of whether the results of Theorems
1 and 2 still hold in the case where f does not have potential good reduction at v remains a natural question emerging
from this paper. Finally, we note that the problem of wild ramification in arboreal representations has been studied for
the case of unicritical polynomials in both [3] and [8].

1.1 Outline

We begin by examining the behavior of images and preimages of disks in C,, under a monic polynomial f with integral
coefficients. In particular, we show that the image of large enough disks contained in the ring of integers of C,, behave
very nicely, except when they are centered at elements contained in certain “bad directions” at the Gauss point. We
then use an explicit formula for the valuation of the discriminant of iterates of f, as well as a result proved in the
appendix, to create a lower bound on the ramification indices of the field extensions K (f~"(a))/K. Using this, we
relate the results about images of disks in C,, to the ramification of the iterated field extensions in question, and show
that K, /K is infinitely wildly ramified if T, (f, a) does not contain elements lying in these “bad directions.” We
then reduce the iterated set of preimages of a under f modulo the maximal ideal of the ring of integers of C,, and
analyze this in order to show that K. /K is infinitely wildly ramified even when T (f, ) includes elements lying in
these “bad directions.”

1.2 Notation

Throughout this paper, unless explicitly stated otherwise, we use the following notation:
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(1) (K,v)is alocal field of characteristic 0 and residue field characteristic p. Furthermore, unless explicitly stated
otherwise, we assume that v = v, for the prime ideal p of K.

(2) C, is the completion of an algebraic closure of K.

(3) Fora € C, and r > 0, we let D(a,r), D(a,r) C C, denote the open and closed disks of radius r centered at a
in C,, respectively, given by

D(a,r)={2€C, | |z—al, <T}, D(a,7)={z€Cy ||z —al, <r}.

We use the words “open” and “closed” solely to refer to how the disk D is defined, and not to refer to any
topological properties of the disk.

(4) Fora € C, and 0 < 7y < 7o, we let A(a; 1, 7r2) C C, denote the open annulus centered at « in C,,, given by

Ala;ri,me) ={2€C, |11 < |z —al, <ra}.

(5) We let O = D(0, 1) denote the ring of integers of C,,, m = D(0, 1) be its maximal ideal, and k = O/m be its
residue field with char(k) = p.

(6) If a € O then we denote by a € k its reduction modulo m, and similarly for f € O[z].
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2 Non-Archimedean Dynamics

We let P!

an

denote the Berkovich projective line associated to C,, (see [4, Chapter 6]). For a € C, and r > 0, we
denote the type II or III point in P corresponding to the closed disc D(a, ) by ((a, 7). For ¢ = ((a,r) € PL, such
apointand z € PL \ {¢}, we let v¢(z) € PL \ {¢}, called the direction at ¢ containing x, denote the connected
component of PL_\ {¢} that contains z. In particular, if ¢ = (0, 1) is the Gauss point and z € O, then

VC(O,U (CC) N (Cv - D(l’7 1)

For f € Cy[z], ¢ = ((a,r) € Pi,, and v = v¢(a) a direction at  not containing oo, we let deg, , (f) denote the
degree of f at ( in the direction of v. That is, there is some 0 < A\ < 1 for which f has no roots on the annulus
A(a; Ar,r) C C,, and we let deg, , (f) denote the common inner and outer Weierstrass degree of f on this annulus.
Furthermore, we let fy(v) denote the direction at f({) that contains f(A(a; Ar,7)) (see [4, definition 7.18]).

We now state two propositions about preimages and images of disks in C,, under polynomials that will be crucial
throughout this document. In general, the preimage of a disk in C, under a polynomial will behave very nicely. In
fact, we have the following:

Lemma 3 ([4, Theorem 3.23]). Let D C C, be a disk and let f € C,[z] be a degree d polynomial. Then f~*(D) is a
disjoint union of disks,
fYD)=DyU---UD,,
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where each D; is open if D is open and closed if D is closed. Furthermore, for each i = 1,...,n there is an integer
1 < d; < dsuch that f maps D; d;-to-1 (counting multiplicity) onto D, and dy + - - - + d,, = d.

In the notation of Lemma 3, we will refer to the D; as the disk components of f~1(D). It is easy to see that if
f(Do) = D then Dy is one of the disk components of f~!(D). There are also nice results about how a polynomial
f € C,|z] stretches the distance between points in a disk in C,,.

Lemma 4 ([4, proposition 3.20]). Let D C C, be a disk of radius r, let f € C,[z], and suppose that f(D) is a disk
of radius s. Then for all x,y € D,

@) = FW)ls < Sl =yl

In particular, if we take f € O[z], so f(O) C O, then Lemma 4 shows that

[f(@) = f(W)lo <z =yl

for all z,y € O. Another immediate consequence of Lemma 4 is the following:

Lemma 5. Suppose that f € C,[z], that D is a closed disk of radius r > 0, and that f(D) is a closed disk of radius
s.Ifa,f € Dand|f(a) — f(B)|, = s, then |a — B|, = .

Proof. We have that s
s = [f(e) = FB)lo <l = Blo,

so |a — B|, > r, and thus |a — B, = 7. .

Using these facts about how images of disks in C, behave under polynomials, we can show that the image of large
enough disks under certain monic polynomials take a particularly nice form.

Lemma 6. Let f € O[z] be a degree d monic polynomial. Let x € O, and suppose that 0 < \ < 1 is such that
f— f(x) has no roots on A(x; A\, 1). Then f — f(x) has common inner and outer Weierstrass degree d,, on A(x; \, 1),
and for any A < s < 1,

f(D(z,s)) = D(f(x),s%).

Proof. We first make the following observation: For y € C,, let a,, , € C,, be such that
d
F(2) = any(z—y)",
n=0
s0 ag,y = f(y) and aq,, = 1. Then for any y, vy’ € C,,
d
F2) = any(z—y)"
n=0

d
= anyz—y+y—y)"

n=0
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SO
n _
Qm,y = Z (m) Qany (y - y/)n .
n=m
Setting ¢/ = 0 then shows that

d
_ n n—m
A,y = an,0Y )
m

n=m

soif f € Ofz] and y € O then a,, , € O for all m.
Now, the fact that f — f(z) has no roots on A(x; A, 1) means that its inner and outer Weierstrass degree on this
annulus will be the same integer d, = 1,...,d by [4, proposition 3.32]. Hence

|adz79€|v = ng,a.?id |an,w|v =1,

since f is monic by definition and |ay, ,|, < 1 since a, , € O. Then [4, Theorem 3.33] shows that if y € A(x; A, 1)
then

o = ly—ali.

F@) = J@)lo = |a, oy —2)*

If A < s < 1, then [4, corollary 3.18] shows that

f(E(CE?S)) = E(f(x),r),

where

r= sup |f(y)— f(z)]o.

yED(x,s)

By [4, propositon 3.19], if (y»)n>1 is a sequence of points in A(z; A, s) € A(z; A, 1) for which |y, — x|, — s as
n — 0o, then

r=sup |f(y) — f@)|o = lm |f(y,) = f(2)]o = lim |y, —afjr = s,
yeD(z,s)

and thus

f(D(z,s)) zﬁ(f(x),sdm) . [ |

As we will see later in Proposition 10, we can also tell what the preimage of large enough disks contained in O look
like under f if we know what the reduction of f in k looks like.

3 Valuative Data For Polynomials Postcritically Bounded at v|d

In the process of providing a lower bound for certain ramification indices, we will need to have an explicit formula for
the valuation of the discriminant of iterates of a polynomial. Note that this is similar to the results of Theorem 1.2 in

[1].

Lemma 7. Suppose that f, g € K|z] are monic polynomials with degrees d and e, respectively. Let vy, . ..,v4-1 € K
denote the critical points of f, and for n > 1, define Ny, € R by

d—1

Ny = Y olg(F" ().

1=1



Infinitely wildly ramified arboreal representations Page 6 of 27

Let A, ,, = Disc(g o f™) forn > 0. Then
n—1
v(Agn) = d™v(Disc(g)) + end™v(d) + Y d* Ny _i. (1)
i=0

In particular, if f,g € Ok|[z], v(d) > 0, and v(v;) = 0 for all i, then v(A, ) > 0 for all n.

Proof. By [12, Lemma 2.6], the quantities A ,, satisfy the recurrence relation

d—1
Ago =07, 1d" T 95" ()

i=1

for all n > 1. Hence
V(Ag ) =dv(Agn_1) +ed™v(d) + Ny p,

which shows that equation (1) is true when n = 1 (and it is clearly true when n = 0). If equation (1) is true for some
n > 1, then

V(Agn+1) = dv(Agn) + edn-‘rlv(d) + Ngnt1
n—1
—d (d"v(Dise(g)) +endv(d) + ) diNg,n_i> +ed"w(d) + Ny st
=0

= d""v(Disc(g)) + e(n + 1)d"to(d) + Z d'Ngnt1-i,
=0

so it is true for all n. If f, g € Ok|z] and v(y;) = 0 for all ¢, then v(g(f™(~;))) > 0 for all positive integers n and
i=1,...,d— 1. Furthermore, the fact that g is monic shows that all of its roots are in O, so v(Disc(g)) > 0, which
means that if v(d) > 0 then v(A,,,) > 0. ]

We now show that if f € C,[z] is a monic polynomial that fixes 0 and has integral coefficients and is postcritically
bounded with good reduction, then the reduction of f in k actually contains no powers of z that are not divisible by p.

Lemma 8. Let f(2) = 2%+ ag_12%9" 1 + -+ + a1z € O[z] be a monic postcritically bounded polynomial of degree
d > 2, and suppose that p | d. Then v(a;) > 0 for all i such that v(i) < v(d).

Proof. Suppose that this is not the case, so there is some ¢ = 1,...,d — 1 for which v(¢) < v(d) and v(a;) = 0. Then

v(ai) v(ay)
d—i -l d—j

The Newton polygon N (') of f’ will be the lower convex hull of the points (j —1,v(a;)+v(j)),forj =1,...,d—1,
and (d — 1,v(d)). Hence N(f') has a line segment of slope
v(d) —v(a;) —v(j) _ v(d) —v(a;) —v(i) _ v(d) —v(i)

max > =
j=1,...,d—1 d—7 ~ d—1 d—1

(this is where we are using the assumption that f fixes 0, since we are assuming that ¢ # 0), which means that f’ has
aroot vy € K with

Hence ||, > 1, and

.....
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so it follows by [11, Lemma 2.1] (this specific lemma is stated only for absolute values on Q, but it works equally well
in this case) that

Ao(y) = log ||, > 0.

This contradicts the fact that f is postcritically bounded, so we must have v(a;) > 0 for all ¢ such that v(i) < v(d). W

Remark 1. Note that Lemma 8 also shows that ||, < 1 for all critical points ~y of f, for if |7y|, > 1 then f would not
be postcritically bounded. Additionally, Lemma 8 shows that the reduction of f in k is in the form

f)=F(="),
where { = v,(d) and F € k2] is non-constant. In particular, if d = p’ then this shows that
flz) =27

Slightly modifying Lemma 8 shows the stronger result that if f € K[z] is any monic postcritically bounded polynomial
of prime power degree d = p* > 2 that fixes 0, then the coefficients of f all have strictly positive valuation.

Lemma9. Let f(2) = 24 + ag_12%" 1 + --- + a1z € K|[2] be a monic postcritically bounded polynomial of degree
d=p’>2 Thenv(a;) > 0foralli=1,...,d.

Proof. The fact that d = p’ shows that v(i) < v(d) foralli = 1,...,d— 1. Suppose that there is some i = 1,...,d—1
for which v(a;) < 0, and fix one such value of ¢ that maximizes —v(a;)/(d — 7). Then

so the Newton polygon of f/ has a line segment of slope

v(d) —v(ay) —v(5) _ vld) —v(ai) —v(@) _ _v(ai)
G=1,d—1 d—3j - d—i d—i

which implies that ||, > 1 and
|1/(d=1) — |1/(d—j)
Yo > lail, jomax o],

It then follows by [11, Lemma 2.1] that
Arw(7) =loglv]y >0,

which contradicts the assumption that f is postcritically bounded. Thus v(a;) > O foralli =1,...,d — 1. |

4 Images of Disks Under Postcritically Bounded Polynomials

Let f € O]z] be a monic polynomial of degree d, and let x € 0. Combining Lemmas 3 and 6, we see that if s < 1 is
sufficiently close to 1 then we can write f~1 (5(3:, s)) as the (not necessarily disjoint) union

-

Il
—

771 (D(a,5) = U D(wss'*) @)

2
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where f~1(2) = {z1,...,2x} and d; = d,,. If we remove enough disks from the union in (2) then it will become
disjoint, but we will still know nothing about what the possible values of the d; still present in the union are. However,
if we know that p | d and that the reduction of f in k is in the form f(z) = F (z”g), then we can get a better
understanding of how big the d; have to be and which x; will be present in the union.

Proposition 10. Let [ € O[z] be a monic degree d polynomial and let © € O. Then there exists an integer n > 1,
integers 1 < dy,...,d, < d, and some 0 < 6, < 1, such that for all 6, < s < 1,

n

S (Da,s)) = | D (i s1%)
i=1
where each x; € f~1(x). Moreover, we have that dy + --- + d,, = d, and f maps 5(:1:1, sl/d’?) d;-to-1 (counting
multiplicity) onto D(x,s). And, if p | d and the reduction of f in the form f(z) = F(ng) for some nonconstant

F € k[z] and ¢ > 1 (for example, any such f that is postcritically bounded and fixes 0 will work), then p'|d; for all
1=1,...,n

Proof. Let ¢ = ¢(0,1) € P, be the Gauss point, let v = v¢(z), and let fﬁ_l(v) = {wy,..., Wy}, where we know
that each w; is a direction at ¢ because f~1(¢) = ¢ = f(¢) (since f~1(O) = O = f(O)). Since f is monic with
integral coefficients, we know that f has good reduction (or in the terminology of [4], explicit good reduction), and
thus [4, Theorem 7.34] shows that

f(wi) = fy(w;) = v,
so f~!(z) N w; is non empty. Hence we can write w; = v¢(z;) for some z; € f~!(z) C O. Let d; = deg, ,,(f),
and let 0 < Az, < 1 be such that f(z) — f(x;) = f(2) — = has no roots on the annulus A(x;;\;,,1). Then by

definition, we have that d; is the common inner and outer Weierstrass degree of f(z) — x on A(z;; A.,,1). Hence
Lemma 6 shows that if A\, < s < 1, then

f(E(xi, s)) = E(x, sdi) .

Now let
0y = max /\g

i=1,...,n

Then for any 6, < s < 1, we have that \,, < sl/di < 1, and thus

f(lj(xi, sl/di)) = D(z,s).

It follows that

n

U E(xi,sl/d") C fY(D(x,s)) .
i=1
Since f(lj(:z:i, sl/di)) = D(x,s), we know that each of the 5(@, sl/di) will be one of the disk components of
f7H(D(z,s)). Now, if y € f~*(z) then y € w; for some 4, and thus v¢(y) = v¢(z;) for some . But this is just
to say that |y — x;], < 1, so the fact that fact that f(z) — x has no roots on the annulus A(z;; Az,, 1) shows that
ly — x|l < Mg, < s1/4i and thus y € ﬁ(xi,sl/di). Hence
5(3:1-,51/5“) = ffl(ﬁ(x,s)) .

i=1
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Furthermore, [4, Theorems 7.30, 7.34] show that

S di =3 dege, (f) = deg(f) = d,
i=1 i=1

and [4, Lemma 7.35] shows that deg . (f) is the algebraic multiplicity of Z; as a root of f(2) — Z. Now assume that
f maps D(z;, s/%) d]-to-1 (counting multiplicity) onto D(z, s). Then d; is the algebraic multiplicity of Z; as a root
of f(z) — &, which is the sum of the multiplicities of the roots y € O of f(z) — x such that § = Z; (since f is monic
with integral coefficients, and thus f~1(Q) = O), which is the sum of the multiplicities of the roots y € O of f(z) —
such that |y — x;|, < 1. Now, |y — x;|, < 1 if and only if |y — z;], < A4, since f(z) — x has no roots on the anulus
A(xi; Az, 1). Hence d; is the sum of the multiplicities of the roots y € O of f(z) — x such that y € D(z;, A, ), and
since A, < s1/dithis shows that d; < d;. Then Lemma 3 shows that

n

d=>d; <> dj=d,
i=1 i=1
so we must have equality throughout, meaning d; = d;.

Now suppose that p | d and that the reduction of f in k is in the form f(z) = F (zpe) for some non-constant
F € k[z] and £ > 1. The fact that C,, is algebraically closed shows that & is algebraically closed, so the assumption on
the reduction type of f shows that f(z) = F' (z”[> =G (z)pé for some F, G € k[z]. Hence the multiplicity of Z; as a
root of f(z) —  is divisible by p’, so p*|deg, . (f) = d;. [ |
While Lemma 6 and Proposition 10 show that the images of large enough disks under monic polynomials in O|z]

will behave nicely, it does nothing to establish what “large enough” means in relation to a center of the disk. That is,
Lemma 6 shows that for any z € O, there is some 0 < A\, < land d, =1, ..., d for which

f(ﬁ(x,s)) = E(f(x),sd'”)

for all \, < s < 1. However, it says nothing about what the smallest such value of A\, can be in relation to x. In fact,
it is sometimes possible for the smallest such value of )\, to get arbitrarily close to 1 as x ranges over all of O. While
we cannot get a uniform such value of A for all z € O, we can get a uniform value of A if we require = to not be in
certain directions at the Gauss point.

Proposition 11. Let f € O|z] be a monic polynomial of degree d. Then there is some 0 < X\g < 1 and integer
1 < do < d such that for all but finitely many directions v (not containing oc) at the Gauss point ¢ = ((0,1) € P}
if x € visatype Il point and \g < s < 1, then

f(D(z,s)) = D(f(x),s™).

Moreover; if p | d and the reduction of f is in the form f(z) = F(ng) for some nonconstant F € k[z] and ¢ > 1
then p*|dy.
Proof. Write

where ag = 1 and a; € O. Then if 7 € D(0, 1) we have that

d d i
flz+m) Za,erw —a0+ZZaZ<,)zijﬂ'j— Zi () 2,
=0 i=1 j=1

1=1 5=0
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i f4m) - f(z) = zdj Z_j a (;) i = zd: zd: a <;> il = Jz: £5(2)m,

where f; € O[z] is defined so that equality holds. Note that deg f; = d — j and that fq(z) =aq =1.Let1 < dp <d
be the smallest integer for which | f4, (z)|, = 1 for some x € O. We claim that there is some 0 < Ag < 1 such that

|[f(z +m) = f(@)]o = 7]

for all z € O such that |fy,(z)|, = 1 and # € D(0,1) such that |r|, > Ag. Suppose that z € O is such that
| fao(x)]y = 1, and forall 1 < j < dp, let
M; = max |f;(2)lo-

The maximum modulus principle shows that this maximum is achieved and well defined on O, and the fact that
fj € O[z] shows that f;(O) C O, so the definition of dj shows that M/; < 1 since j < do. Now let

Ao = max MY/ do=3) g
1<j<do

If ||, > Ao and 1 < j < do, then
m[ B0 > AT = My = | f5(2),

and thus
w50 > 1 f5(@)]ol7l] = | f; (@),

If dy < j < d, then
@) ], = 1fi(@)]olrl, < |ml) < |7l

since | f;(z)|, < 1and w € D(0,1). Hence for all # € D(0, 1) such that |7|, > Ag, we have that

Il > [ fi(@)w],,,

and thus
d

[f(z+m) = fz)le = ij(fv)ﬂj = |l

We now claim that if z € O and | fy4, ()|, # 1, then z is in one of finitely many directions (not containing co) at .
In this case, we know that | f4, ()|, < 1, and thus fz,(Z) = 0in k. But fg, has only finitely many zeroes in k, say

T1y... &y € kforxzy,...,z, € O, so it follows that z = &; for some ¢ = 1,...,n, and thus |z — z;|, < 1. But this
is just to say that z € VC( i), 80 if | fa, (z)|s # 1, then x € v¢(z;) for some ¢ = 1,...,n. It follows that if v is a
direction at ¢ not containing oo, and v # v¢(z;) forall i = 1,...,n, then for any type I point € v and 7 € D(0, 1)

such that ||, > A,

It immediately follows that
f(D(z,s)) = D(f(x),s™)
for any type I point z € v and A\g < s < 1.
Now suppose that p | d and that the reduction of f in k is in the form f(z) = F (zpz) for some non-constant

F € k[z] and ¢ > 1. Increasing s if necessary so that we may apply Proposition 10, we see that dy = d; (in the
notation of Proposition 10) for some i = 1, ..., n, and thus p’ |do. |
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In the notation of the proof of Proposition 11, we will refer to the directions v¢(z1), ..., v¢(2y,) as the bad directions
of f. As we will see in section 6, the bad directions play a key role in establishing the wild ramification of the field
extensions we are interested in.

Remark 2. Proposition 11 becomes particularly nice if we assume that f € O|z] is a monic postcritically bounded
polynomial of degree d = p®. Then Lemma 8 shows that the reduction of f in k is in the form f (2) = 2% Furthermore,

6)

Sforall j = 1,...,d, with equality if and only if j = d, and we know that |a;|, < 1foralli =0,...,d — 1. Hence
Ifj(@)|lo < Lforallz € Oifj <d, and fq(x) = 1. This shows that we have dy = d and f has no bad directions, so

<1

v

f(ﬁ(x, s)) = E(f(x), sd)

forallx € Oand \g < s < 1.

S Establishing a Lower Bound for Ramification Indices

This nice behaviour of preimages of large enough discs under f allows us to prove something that will be crucial in
establishing a lower bound on the ramification indices of certain field extensions.

Proposition 12. Let f € O|z] be a monic degree d (with p | d) polynomial with reduction in the form f(z) = F (zp[)

for some nonconstant F € k[z] and £ > 1 (for example, we could have f is as in Lemma 8). Suppose that o, 3 € O
and that #f~*(8) = d. If v(a — B) > 0, then for every o/ € f~Y(a), there are at least p* values of B’ € f~(33) for
which v(a/ — ') > 0.

Proof. Let ¢ = ((0,1) € P, be the Gauss point. Then the condition that v(c — 3) > 0 is equivalent to the condition
that ve(a) = ve(B). If o € f~Y(a) and ' € f~1(B), then the fact that f is nonconstant and [4, Theorem 7.34]
shows that

frve(a)) = ve(f(a') = ve(a) = ve(B) = ve(f(B) = fi(ve(B)). 3)

Write f[l(VC(B)) = {ve(B1),---,ve(Bn)}, where B, ..., B, € f~1(B). Then equation (3) shows that v¢(a/) €
fu_l(vdﬂ)), and thus v¢(a’) = v¢(8;) for some ¢. By the proof of Proposition 10, we know that for s < 1 large
enough and d; = deg, , (g,)(f), we have that f maps the disk D(B;, s'/%) d;-to-1 onto D(f3, s). Hence there are
exactly d; preimages (not counting multiplicity, since # f ~1(8) = d) B’ of 8in D (ﬁi, st/ di ) For each of these values
of 4/, we know that |3" — 3;, < s'/% < 1, and thus v¢ (/) = v¢(B;) = v¢ (). Hence there are at least d; values of
B' € f~1(B) for which |’ — 8’|, < 1, which is equivalent to saying that v(a’ — 3’) > 0. Proposition 10 also shows
that p | d;, so there are at least p® values of 3’ € f~1(f3) for which v(a/ — 8’) > 0. [ ]

Using this, we can establish a strict lower bound on the ramification indices of the field extensions we are interested
in.

Proposition 13. Assume that f € K|z] is a degree d monic postcritically bounded polynomial with integral coefficients
that fixes 0, and that { = v,(d) > 1. Suppose that a € K is not in the postcritical set of f and that v(a) > 0. Let
K, = K(f"(a)), let K be the union of all the K,, forn > 1, and let e,, = e(K,,/K) be the ramification index of
K, /K. Then there is a real constant A > 0 and a sequence of nonnegative real numbers (B,,), >0, depending only
on f and a, for which B,, /p™™ — 0 as n — oo and

pEn

- An + B,

€n



Infinitely wildly ramified arboreal representations Page 12 of 27

In particular, K./ K is infinitely ramified.

Proof. Note that the assumption that « is not in the postcritical set of f shows that f™(z) — a has d" distinct roots
for all n > 0. Thus Proposition 12 shows that for any «, 3 € Two(f, a), if v(aw — 3) > 0 then for all &’ € f~1(a)
there are at least p* values of 3 € f~1(3) for which v(a/ — 8’) > 0. Forn > 1, let M,, denote the number of pairs
(o, B) € f~™(a) x f~™(a) for which o # § and v(a — B) > 0. Then if n > 1, we have that

M, = # {(0/,6/) e () x fm () ‘ o # B andv(a/ — ) > O}

> 3 #{(@,8) € F7H(a) x F71(8) [v(a’ — ') > 0}.
(mﬁ)éf*";fgxf*"(a)

If f(/) = a# B = f(), then we know that v(a/ — 8") > 0 implies that

v(a = B) =v(f(d) = f(B) = v(a =) >0,

SO

M1 > > # (o, 8) € fHa)x f1(B) |v(a - B) >0}
(a,B)ef " (a)x f~™(a)
a#B, v(a—pB)>0
> > #{@.8) |8 €f (B andv(a/ - ) >0}

(.B)ef " (a)x f~"(a) @’ €71 (@)
a#B, v(a—B)>0

> > >

(.B)f " (a)x f~"(a) @’ Ef 71 (@)
a#B, v(a—B)>0

>,
(,B)ef " (a)x f~"(a)
a#B, v(a—pB)>0

= dp*M,,.

Thus
M, > dp*M, 1 > d*p* M, _5 > - > d" p'" DM,

forall n > 1. Note that Lemma 7 and the remarks after Lemma 8 show that v(Disc(f(z) —a)) > 0, and thus M; # 0.
It follows that if n > 1, then
a1 Z(n—l)M M,
D At NP il P Z v(a — B) = v(Disc(f"(z) — a)).
en én
a,fef " (a)
a#B

Here, the second inequality follows from the fact that f is monic and has coefficients in Ok by assumption, and thus
eacha — 8 € Ok, fora, 8 € f~"(a) since v(a) > 0, so if v(a — B) # O then v(a — B) = vy, (o — B)/en, = 1/eyp
for p,, the prime of K,,. Applying Lemma 7 to g(z) = z — a, and using the fact that v(Disc(z — a)) = v(1) = 0, then
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shows that
dr—1ptn=1) p1 n-l
P T CoDise(f(2) — ) = nd™o(d) + Y d'N—qnes
En i=0
n—1
<nd"v(d) +d" Y N._qpi = nd"v(d) + d"Cy,
=0
where

Note that C,, /p™ — 0 as n — oo by Lemmas A.2 and A.3 since a is not in the postcritical set of f by assumption,
and C,, > 0 since v(7y;),v(a) = 0. Hence

dn—lpé(n—l)Ml pén
" dn(no(d) + Cp)  An+ By’

(&

where A = dp‘v(d)/M; > 0 and B,, = dp*C,,/M; > 0. ]

Proposition 13 allows us to see that as n — 0o, we can make the distance between certain elements of f~"(a) get
arbitrarily close to 1.

Lemma 14. Assume that f € K|z] is a degree d (with p | d) monic postcritically bounded polynomial with integral
coefficients that fixes 0. Suppose that a € K is such that v(a) > 0 and a is not in the postcritical set of f. Let
K, = K(f"(a)), let Ko be the union of all the K,, forn > 1, and let e,, = e(K,,/K) be the ramification index
of K,,/K. Then for any 0 < X\ < 1 and n > 1 big enough, there are some distinct o, B, € f~"(a) such that
1> |ay — Bulv > A

Proof. With notation as in the proof of Proposition 13, we have that if

Vo= min v -p5)>0,

a,Bef™"(a)

0<v(a—pB)<oo
then

A TIMV, S MV < Y w(a = B) < dM(nw(d) + Cy).
a,Bef " (a)
o#B
Hence
d(nv(d) + Cy)
pf(nfl)]\j1 ’

so Lemma A.2 shows that V;, — 0 as n — oo because ¢ > 0. By definition, for all n > 1 there are some distinct
Qp, B, € f7™(a) such that v(a,, — B,) # 0 and v(a,, — B,) = V,,. Hence 0 < v(a, — Br) =V, = 0as n — oo,
so 1> |a, — Bnlo — 1 asn — oco. Thus for any A < 1, we have that 1 > |a,, — B,], > A for all sufficiently large
n. |

Vi <

We are now ready to begin to relate the results we proved about images of disks under polynomials to the ramification
of the field extensions we are interested in.

Proposition 15. Assume that f € K|[z] is a degree d (with p | d) monic postcritically bounded polynomial with
integral coefficients that fixes 0. Suppose that a € K is not in the postcritical set of f and that v(a) > 0. Let
K, = K(f~"(a)), let Ko be the union of all the K, for n > 1, and let e,, = e(K,,/K) be the ramification index of
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K, /K. Furthermore, suppose that there is some 0 < \g < 1 and integer 1 < dy < d, with p | dy, such that for all
Ao < s <land o € Too(f,a), we have that

f(ﬁ(a,s)) = ﬁ(f(a), sdo) .

Then K,/ K is infinitely wildly ramified.

Proof. By Lemma 14, we can find some N > 1 and distinct o, 3 € f~% (a) for which 1 > |a — 3|, > Ao. Then
1> o= B)/% > |a = Bl > Ao,

soif a; € f~1(«) then

f(D(arJa=B1/*)) = Dl la = l.).
Thus if 8; € f~1(B8) N 5(@1, | — BH/dO) (such a 3 exists since 8 € D(a, |a — B|,)), then
lar = Bily = o = BlE/% > N

by Lemma 5, since |f(a1) — f(81)|v = |a — B|,. Continuing in this manner, we can find sequences (o, ), >0 and
(Bn)n>0 of elements of Ky, for which g = o, fo = 3, and f(ay,) = an—1, f(Bn) = Bn-1, and

1> |an = Balo = lan—1 = Baca |V = - = Ja — 81/ > Xo.
Hence
v(o, — Bn) = L;B) > 0.
dy

If p,, denotes the prime of K, so that v|g,, = vy, /e, then this equation shows that

Upnin (an — Bn) - v(a— )

)
EN+n dg

and thus
e _ Upnin (an - ﬁn)
A v(a—B)

The fact that p | dg then shows that p|e y ., for all large enough n, and thus Ky, /K is wildly ramified for all large

dr.

enough n, and v, (e,) — 00 as 1 — oo. [ |

Remark 3. Much of what we've shown so far becomes greatly simplified in the case where d = p' is the power of a
prime. Since f will have no bad directions in this case, Proposition 12 shows that if o, 3 € O, if #f~1(8) = d, and
ifv(a—B) >0, thenv(a/ — ') > O0forall o/ € f~(«)and ' € f~Y(B). In particular, this shows that if a € K is
such that v(a) > 0 and a is not in the postcritical set of f, then v(a — ) > 0 forall a, B € f~"(a).

6 Towards Infinite Wild Ramification

Suppose the normal setup, so f € K|z] is a monic degree d (with p | d) postcritically bounded polynomial with
integral coefficients that fixes 0. In particular, Lemma 8 shows that f has reduction in the form f(z) = F (z”e),
where ¢ = v,,(d). Furthermore, we assume that a € K is not in the postcritical set of f and that v(a) > 0. In this
section, we show that the field extensions K (f~"(a))/K are infinitely wildly ramified. If d = p* then f has no bad
directions, and thus Proposition 15 shows that K, /K is infinitely wildly ramified. We thus assume that d is not a
power of a prime.
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Given a € K such that v(a) > 0, we may form the iterated preimage set of a under f, Too(f,a). Reducing
modulo m = D(0, 1), we get the reduced iterated preimage set of @ under f, T, (f, @), which is also the image of
T (f, @) under the reduction map O — k. We wish to apply the lemmas of appendix A.3 to T, (f, @), for which we
must verify that there is at most one value of & € k for which # f~1(@) = 1. Consider the reduction f € k[z] as a
map of smooth curves f : P} — P}. Then when we factor fas f = F o, where p(z) = sz’ we know that the
map F: ]P’,lc — IED}C is separable, for if it was not then [13, corollary 2.12] would show that we can factor it further as a
composition of maps F(z) = G(27"), where G : P, — P} is separable and r > 1. But p’ is the highest power of p
dividing d = deg f, so p { deg F, and thus this is not possible. The Riemann-Hurwitz formula then shows that

> (ep(P)—1) <2(degF —1).
PeP} (k)

Because oo is a totally ramified point of F (since F is a polynomial), meaning ep(00) = deg F, this implies that

Z(eﬁ(d) —1) <degF — 1.

ack

Hence there can be at most one element & € k for which ex(@) = deg F (where we are using the fact that d is not a
power of a prime, so deg F' > 1), which is equivalent to saying that there can be at most one point & € k for which
#F~(a) = 1. But f~}(a) = {B} for some 3 € k if and only F'~!(&) = {¢(B)} since ¢ is a bijection, so there
can be at most one element & € k for which #f~!(a) = 1. Applying Lemma A.4 then shows that either T, (f, @)
has a single element, or T, (f, @) has infinitely many elements. Now, elements of & uniquely represent directions at
the Gauss point ¢ = ¢(0,1) € P, away from infinity, for if z, y € O then v¢(z) = v¢(y) if and only if |z — y|, < 1,
which is true if and only if Z = 7 in k. We are now ready to prove infinite wild ramification in the easier cases, which
occur when we can find elements of T, (f, @) that do not represent bad directions of f.

Proposition 16. Assume that f € K|z is a monic degree d (with p | d) postcritically bounded polynomial with integral
coefficients that fixes 0. Suppose that a € K is not in the postcritical set of f and v(a) > 0. Let K,, = K(f~"(a)) and
let K, be the union of all the K,, for n. > 0. Furthermore, suppose that the reduced iterated preimage set To, (f, @)
either has one element, and that element does not represent a bad direction of f, or it has infinitely many elements.
Then K,/ K is infinitely wildy ramified.

Proof. First suppose that T, ( f, @) has one element, and that element does not represent a bad direction of f. Then no
element of T, (f, a) will lie in a bad direction of f, so it follows by the definition of the bad directions of f that there
is some 0 < A\g < 1 and integer 1 < dy < d, with p | dy, such for all « € T (f,a) and Ag < s < 1, we have that

f(D(a,s)) = D(f(),s%).

Proposition 15 then shows that K, /K is infinitely wildly ramified.

Now suppose that T, (f,a) has infinitely many elements. Then Lemma A.5(b) shows that we can find some
ap € Two(f,a) for which To(f,do) contains no elements representing one of the finitely many bad directions of
f. Hence T (f,ao) contains no elements that lie in a bad direction of f. We still have that v(ag) > 0 because
f~HO) C O, and ay is not in the postcritical set of f since ag € Tao(f, a) and a is not in the postcritical set of f,
so f™(z) — ap has d™ distinct roots for all n > 0. If L, = K(f ™(ag)), then Proposition 15 shows that L, /K is
wildy ramified (for large enough n) with v,(e(L,/K)) diverging to oo, so the same is true for K, /K. Thus K,/ K
is infinitely wildly ramified. |
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6.1 A Totally Invariant Bad Direction

It follows by Lemma A.4 that the only situation not dealt with in Proposition 16 is the one in which T, (f, @) contains
one element, and that element represents a bad direction of f. In this case, we have that v (a) is a bad direction of f,
and that

FH(ve(a) = vela) = f(ve(a),
or put in terms of disks, that
fH(D(a,1)) = D(a,1) = f(D(a,1)).
We first claim that there is a K -conjugate of f with monomial good reduction.

Lemma 17. Let f,a be as above. Then there exists a monic K-conjugate g of f with integral coefficients for which

g(z) = 24

Proof. Define u € K|[z] by u(z) = z — a, and let

9(z) =pofou'(2) = f(z+a) —a,

80 v¢(0) = v¢(u(a)) is a totally invariant direction of g. We claim that g has monomial good reduction, so if

then we claim that v(¢;) > 0 for all ¢ = 0,...,d — 1. The fact that v(a) > 0 shows that v(c;) > 0 for all
i=0,...,d— 1. Note that

v(co) = v(9(0)) = v(f(a) —a) >0,
so suppose that v(¢;) = 0 forsome i = 1,...,d — 1. Then for ¢y # ¢ € D(0, 1), the Newton polygon of g(z) — ¢ will
be the lower convex hull of the points

(0,v(co — ), (1,v(c1)), ... (1 —1,v(ci-1)), (4,0), (i + 1, v(cix1)), - - - (d — 1,v(ca—1)), (d,0).

We have that v(c;) > 0 forall j = 0,...,d — 1, so this shows that the Newton polygon of g(z) — ¢ will have a
line segment of slope 0, and thus g(z) — ¢ has a root of absolute value 1. But ¢ € D(0, 1), so the fact that v¢(0)
is completely invariant under g shows that g(z) — ¢ must have all of its roots in D(0, 1), so it cannot have a root of
absolute value 1. Hence v(¢;) > Oforalli =0,...,d — 1, so g has monomial good reduction. u

Because i € K|[z] and p(a) = 0, we know that

Hence the the claim that K(f~"(a))/K is wildly ramified is equivalent to the claim that K (¢~"(0))/K is wildly
ramified.

Proposition 18. Assume the setup as in Lemma 17. Then for any By € K N D(0,1) such that v(By) # v(co), the
extensions F,, = K(g~"(Bo)) are wildly ramified over K for sufficiently large n, and v,(e(F,,/K)) — coasn — oo.

Proof. First suppose that v(8p) < v(cp). Then we have that g(z) — By has constant term ¢y — (y with valuation
v(co — Bo) = v(Bo), so the Newton polygon N (g(z) — By) of g(z) — By will be the lower convex hull of the points
(0,v(Bo)), (1,v(c1)), ..., (d—1,v(cq-1)), (d,0). Hence there will be a root 51 € F of g(z) — By with valuation

v(Bo) — v(ci) _ v(Bo) — v(ci) <
0—1 i

v(p1) = — (Bo) < w(co)
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for some ¢ = 1,...,d (where we are taking ¢c; = 1). Note that v(/3;) > 0 by the assumption that 5, € D(0,1) and
that v¢(0) is totally invariant under g. Continuing in this manner, we see that we can find a sequence of elements
Bn € F, such that g(8,) = 5,1 and such that for each n, there is some i,, = 1, ..., d for which

v(Bn-1) — v(ci,
0 < () = W) g )<< uB) < uleo)
n
Note that 4,, can be 1 for only a finite number of values of n, since if i,, = 1 then v(3,) = v(Br—1) — v(c1), and
v(B,) > 0 for all n. Hence for sufficiently large n, we have that
(6n—1)

v(ﬂn—l) *U(Cin) < U(Bn—l) < v
in in 2

U(ﬁn) =

It follows that for all sufficiently large n, we will have that v(8,) < v(¢;) foralli = 0,...,d — 1. Thus the Newton
polygon N (g(z) — 3,,) will contain only one segment of slope —v(f3,,)/d, which means that for any 3,1 € ¢g~(53,),

v(Bny1) = @

Therefore, if we choose f3,, € F;, appropriately, there is some N > 0 such that if n > 0 then

v(Bn)
dn

U(ﬂN+n) =

If we write p,, for the prime of F},, so the extension of v to F, is given by v

F, = Up, /e(F,/K), then this shows that

Vpy+n(BN+n)
e(Fyin/K) = X202,
(FN4n/K) o(B)
and thus v, (e(F, /K)) — oo as n — oo.
Now suppose that v(8y) > v(cp) (so in particular, v(cg) < o0). Then g(z) — By has constant term ¢y — Sy with
valuation v(co — fy) = v(co), and thus the Newton polygon N(g(z) — o) is given by the lower convex hull of the
points

(0,v(co)), (1,v(c1))y .-, (d—1,v(cq-1)), (d,0).

Hence g(z) — 5o has aroot 8 € F; with valuation

v(co) — v(ci)

0< U(ﬂ1) = ; < ’U(Co)

forsomei = 1,...,d. Applying the first part of this proof to a sequence starting at 5, then shows that v, (e(F,/K)) —
00 as n — oo. |

Proposition 19. Assume the setup as in Lemma 17. Then K(g~"(0))/K is wildly ramified over K for large enough
n and vp(e(K(¢g~"(0))/K)) — oo as n — oo.

Proof. Tf co = v(0) # v(cp), then Proposition 18 gives the desired result. Now suppose that v(cy) = oo, so ¢y = 0.
The assumption that #7,(f,a) = oo, and thus #7T(g,0) = oo, shows that we cannot have v(f8y) = oo for all
Bo € T (g,0), so we must have v(8y) < oo for some 5y € T (g, 0). Applying Proposition 18 to Sy then shows that
vp(e(K(g7™(Bo))/K)) — oo, so we also have that v, (e(K(g~"™(0))/K)) — oo. [ |

Theorem 2. Let (K, v) be a local field of characteristic O and residue field characteristic p. Let f € Oglz] be a
monic postcritically bounded polynomial that fixes 0 and has degree d, with p | d. Suppose that a € Ok is not in the
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postcritical set of f. Let K,, = K(f~"(a)) and let Ko, denote the union of all the K,, forn > 0. Then K. /K is
infinitely wildly ramified.

Proof. If d = p’ is a prime power, then f has no bad directions, so K, /K is infinitely wildly ramified by Proposition
15. Now assume that d is not a power of a prime. Then we know by Lemma 8 that f has reduction in the form
f(z) = F(ng), where ¢ = v,(d) > 1and F € k[z] is nonconstant. Then Proposition 15 shows that K, /K is

infinitely wildly ramified if one of the following holds: we have #7(f,a) = 1, and its one element does not lie in
a bad direction of f; or we have that T, (f, @) is infinite. Furthermore, Proposition 19 show that K /K is infinitely
wildly ramified if T, (f, @) contains a single element and that element represents a bad direction of f. This deals with
all of the possible cases, which shows that K, /K is always infinitely wildly ramified. ]

7 Proof of the Main Theorem

Now that we have proved Theorem 2, we are ready to apply it to prove Theorem 1. The only things stopping us from
immediately doing this are some mild additional assumptions on f. However, we can replace f with an appropriate
K -conjugate and replace the base point with an element in its iterated preimage set under f in order to force it to
satisfy the conditions necessary to apply Theorem 2.

Theorem 1. Let K be a number field and let v be a finite place of K lying above the rational prime p € Z. Suppose
that f € K|z] is a degree d polynomial that is postcritically bounded at v and has potential good reduction at v, and
that p|d. Let a € K be such that #T(f,a) = oo, let K,, = K(f~"™(a)), and let K, be the union of the K, for
n > 0. Then K/ K is infinitely wildly ramified above p, where p is the prime of K corresponding to v.

Proof. First suppose that a is not in the postcritical set of f. Let K, denote the completion of K with respect to
v and K, denote a fixed algebraic closure of K,. Because f € K,[z] has potential good reduction, there is some
p1(z) = az + B € K,[2] for which py o f o uj' € K,[2] is monic with integral coefficients. Passing to the finite
extension K, («, 3)/K, if necessary, we may assume that y1; € K, [z] and that p; o fo ;' € Ok, [2]. Then the roots
of pyofouy *(2)—zallliein Og,.soweletb € O bearoot of profouy (2)—z, and we let po(2) = 2—b € K,|2].
Passing to the extension K, (b)/ K, if necessary, we may also assume that uy € K, [z]. Hence if u = ps o uq, then
g = o foul e K,[2]is a degree d monic polynomial with integral coefficients that fixes 0. The fact that f is
postcritically bounded clearly implies that g is postcritically bounded. Let K, ,, = K, (¢ " (1u(a))) = K, (f"(a))
and let K, o, denote the union of all the K, ,, for n > 0. It suffices to show that K, /K, is infinitely wildly ramified
in order to show that K,/ K is infinitely wildly ramified at p. If v(11(a)) < 0, then the Newton polygon of g(z) — p1(a)
will consist of a single line segment connecting (0, v(u(a))) to (d,0), with slope —v(u(a))/d, and thus every root
of g(z) — p(a) will have valuation v(u(a))/d < 0. Continuing in this manner, we see that if a;,, € ¢~™(u(a)) then
v(ay,) = v(p(a))/d™, which shows that K, /K, is infinitely wildly ramified. We thus assume that v(u(a)) > 0.
Then the fact that a is not in the postcritical set of f shows that ;(a) is not in the postcritical set of g. It follows that
(Ky,v), 9 € Ok, [2], and p(a) € K, satisfy all the hypotheses of Theorem 2, so the extension K, /K, is infinitely
wildly ramified, and consequently K. /K is infinitely wildly ramified at p.

Now suppose that a is in the postcritical set of f. Note that if v € K is a critical point of f and f"(v) € Tno(f, a)
for some n > Othen~y € T (f, a). But Lemma A.5(a) then shows that there will only be finitely many elements of the
forward orbit of « under f contained in T (f, @), so the fact that f has finitely many critical points shows that there
will only be finitely many postcritical elements of f contained in T (f, ). Thus Lemma A.5(b) shows that we can
find some ag € Too(f, a) for which T (f, ap) is disjoint from the postcritical set of f (and thus #75.(f, ag) = 00).
We can thus apply the results shown in the first part of this proof (after replacing K with K (ag)) to see that K,/ K is
infinitely wildly ramified above p. n



Infinitely wildly ramified arboreal representations Page 19 of 27

A Appendix

A.1 Dealing With Limit Points of the Postcritical Set

In the process of proving Proposition 13, we encountered a sequence of nonnegative real numbers in the form

n d—1
Cn = Z Z’U(fl(’)/]) - CL),
i=1 j=1
where 71, ...,74_1 are the critical points of f and a € D(0, 1) is not in the postcritical set of f. While we cannot

expect C,, to be bounded as n — oo, we now show that C,, is dominated by any function that grows faster than n,
which is strong enough to prove Proposition 13. We first show a result about what happens when an open disk of unit
radius is periodic under a polynomial satisfying certain nice conditions. The following arguments were first told to the
author in a private communication with Rob Benedetto.

Lemma A.1. Suppose that f € Ol2] is a polynomial for which f'(D(0,1)) € D(0,1), and that V- = D(a,1) C
D(0,1) is periodic under f of period £ > 1, so f*(V) = V. Then V contains a unique attracting periodic point for f.
That is, there is a unique periodic point P € V of f of period ¢ for which

lim f(z) =P

n—oo

forallz € V.

Proof. Let g = f* € O]z], so g(V) = V. We first claim that V contains a fixed point for g. It will suffice to show
that if z5 € V then

Jim_g"(20)

exists, for if it does then it will be a fixed point of g that is contained in V' (since the fact that g(V') = V shows that
g™ (20) € V, and thus this converges to an element of V" since V' is (topologically) closed in C,,). In order to show this
limit exists it suffices to show that (" (zo))n>0 is a Cauchy sequence since C,, is complete, and the non-archimedean
triangle inequality shows that it suffices to show that [g""1(29) — g™ (20)], — 0 as n — oo. If ¢ € V then we can
write

where b; = ¢'(c) € D(0,1) and b; € D(0,1). Note thatif i > 2and z € V (so |z — ¢|, < 1) then
[bilolar = el < [bilola = clf < |z =<3,
SO

l9(x) = g(e)o < max{|g'()]o|z — clu, [b2lo]x —cf3, ..., [balo]z — [T}
<m

ax{|g'()]o]z — clo, [o — c3} -

Now, note that if z € D(0, 1) then
, £—1 .
g @l = |(1) @] =TII7F@)l, <1
i=0

so ¢'(D(0,1)) € D(0,1), and thus ¢’ (D(0,1)) = D(c,r) for some o € D(0,1) and < 1. Hence there is some
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constant 0 < R < 1, where R = max{|al,,r}, for which ¢'(D(0,1)) € D(0, R), so |¢'(z)], < R < 1 for all
x € D(0,1), so
l9(x) — g(c)]y < max{Rlz — clu, [z — [}

Now, the fact that (V') = V is an open disk of radius 1 shows that if zy € V then
0<d:=|g(z0) — 200 <1,

where we assume § > 0, since if § = 0, then 2 is a fixed point of g, which is what we are trying to show exists. Then

l9(9(20)) — 9(20)w
max{R|g(z0) — Zolv, |9(20) — 20[3 }
= max{R&, (52},

|9%(20) — g(=0)],

/N

SO

|9°(20) — 9*(20)|, = |9(9%(20)) — 9(9(20))],
< max{ Rlg?(20) — g(z0) o, |6 (20) — g(z0)|2 }
R%25 or R%5®> or R&? or &

N

Continuing in this manner, we see that there are sequences of nonnegative integers (S, )n>0, (tn)n>0 for which
1 n §tn
9" (20) = 9" (20) v < R4,

and for which at least one of s,,, t,, diverges to 0o as n — oo. The fact that 0 < R,§ < 1 then shows that |g" "1 (z) —
9" (20)]v — 0asn — o0, 50 (g"(20))n>0 is a Cauchy sequence in C,,. Hence

lim ¢"(z9) €V

n—oo

exists for any zg € V, so ¢ has a fixed point in V. Call one of these fixed points P € V, so g(P) = P. Then there are
constants by, ..., by € D(0,1) for which |b;], = |¢/(P)], < 1 and

for b; € D(0, 1) with |b1|, < 1, so [5, Proposition 6.2.1] shows that for any z € D(0, 1), we have

lim G"(z) =0.

n—oo

But G™(z) = ¢"(z + P) — P, so this shows that

lim ¢"(x+ P)=P

n—oo
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for any « € D(0,1), and thus
lim ¢"(x) =P

n—oo

forany x € D(P,1) = D(a,1) = V. From this, it follows that P € V is the unique fixed point of g in V, and that P
attracts every element of V. The fact that g = f* then shows that P is the unique periodic point of f in V with period
¢, and that

lim f(z) =P

n—oo

foranyx € V. |

Using Lemma A.1, we can show that v(f™(y) — a) is dominated by any function that grows faster than n, which will
be enough to show that the aforementioned sequence (C),),>0 is also dominated by any such function.

Lemma A.2. Suppose that f € K|z] is a monic postcritically bounded polynomial of degree d with integral coeffi-
cients that fixes 0. Assume that ¢ = v,(d) > 1, that a € K with v(a) > 0, and that a does not lie in the postcritical
set of f. Let ) : Z — (0, 00) be any function that grows faster then n, i.e., n/1(n) — 0 asn — oo. Then ify € K is
a critical point of f, we have that

L) —a)

n—o00 w<n)
Proof. Note that remark 1 shows that if 7 is a critical point of f then |y|, < 1. We claim that f’ has the form
f'(2) = p'g(2) for some g € O|z], for which it will suffice to show that if

=0. @)

d—1
f(z) = Zd+zaiz ;

i=1
so

d—1

fl(z) =dz1 + Ziaizl ,

i=1
then p? | ia; foralli = 1,...,d — 1, or equivalently, that fv(p) < v(ia;). Suppose that this is not the case, so there is
somei=1,...,d— 1 for which fv(p) > v(ia;). Then the Newton polygon of f’ will be the lower convex hull of the

points (j — 1,v(ja;)) for j =1,...,d — 1, together with the point (d — 1, v(d)), so the Newton polygon will have a
line segment of slope

v(d) —v(jay) _ v(d) = vliai) _ Lo(p) — vliai)
j=1,...,d—1 d—j ) )

3
I
:
"
\
I
o

Hence f’ will have a root v € K with v() = —m < 0, which contradicts the fact that ||, < 1 for all critical points
7 of f. Therefore no such i can exist, so f’(z) = p‘g(z) for some g € O[z], and thus | f'(x)|, < 1 forallz € D(0,1).
Now, the fact that f has integral coefficients and that f/(D(0,1)) C D(0, 1) shows that we can apply Lemma A.1 to
see that any open disk of unit radius that is contained in D(0, 1) and periodic under f will contain a unique attracting
periodic point P (of the same period of the disk) that attracts every point of the disk. That is, if D(c,1) € D(0,1) is
periodic under f with period ¢ > 1, then there is a unique point P € D(c, 1) that is periodic under f with period ¢ and
for which
lim f(z) =P

n—oQ

for any = € D(c,1). We now fix a critical point v € K of f and let U = D(y, 1) be the residue class containing ~.
We split into various cases depending on whether U is wandering or preperiodic under f.

Case 1: First suppose that U is wandering. Then a € f™(U) for at most one value of n > 0, so there is some
integer N > 0 such that a ¢ f"(U) = D(f"(y),1) for all n > N. But this means that |f"(y) — al, > 1, so
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|f™(v) — al]y, = 1 because v,a € O and f(O) = O, and thus v(f™(y) — a) = 0 for all n > N. Hence the limit in
equation (4) is 0.

Case 2: We now assume that U is not wandering, so it is preperiodic under f. Then there is some m > 0 such that
V = f™(U) = D(f™(v),1) € D(0,1) is periodic under f with period ¢, and thus our earlier observation shows that
V contains a unique attracting periodic point P € V of period ¢ that attracts all of V. We split Case 2 into two cases
depending on whether a is in the orbit of P under f or not.

Case 2a: We first consider the case where a is in the orbit of P under f, so a = f7(P) forsome j = 0,1,...,¢—1.
Then a is a periodic point of f of period ¢, and we let A = ()’ (a) be the multiplier of a. Note that if

-1
0=X=( () =] /'(/' (@) 5)
=0

then f'(f%(a)) = O for some i = 0,...,¢ — 1. Butif fi(a) = ~ for some i > 0 and ~ a critical point of f, then
choosing n > 0 such that fn > i shows that a = f™“(a) = f"*~(v), and thus a is in the postcritical set of f. Thus
A = 0 is not possible, so we must have that |\|, > 0. The fact that | f'(x)|, < 1 for all z € D(0, 1) and equation (5)
then shows that |A|, < 1 because a € D(0,1),s00 < ||, < 1,i.e.,0 < v(\) < oco. Thus a is an attracting but not
superattracting periodic point of f. We now claim that if = € D(a, |A[,), then | f*(z) — a‘v = |Aly]x — al,. We know
that we can write f¢(z) — a as

d

Fiz)—a=f2) = ffa) = Az —a) + ) _bi(z —a)’,
i=2
where bs,...,b4_1 € O by the comments at the beginning of the proof of Lemma 6, and where b; = 1 since f is

monic. If z € D(a, |A|,) is distinct from a then
Mol = aly > |z = als > |bily|z — al,

foralli = 2,...,d, so it follows that

d
|f€(x) - a|1) = Az —a)+ sz(x —a)’
i=2 v
= max{|A[|z — al, [bo|u|z — al2,..., |z —a|¢}

= Aol — aly.
From this, we also see that if ¢ > 0 is an integer then
[ (x) —a| = |\ |z — al,

for all x € D(a, |A|v). We now claim that there is some constant ¢y € R such that for all sufficiently large n, we have
that
0, Ltn—m—j,
o(f"(y) —a) =1 . n—m-—j
w(A) + co, —

First consider the case where ¢ { n —m — j, so we can write n — m — j = {s+t for some integer s > O and 0 < ¢ < /.

=1 € 7.

In this case we have that

fn(,Y) _ ffs+m+j+t(,y) c ffs+m+j+t(U) _ f€8+j+t(v) _ fjth(V),
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where we’ve used the fact that V' = f™(U) is periodic under f with period ¢. But

V=f"U)=f"(D(,1) = D™ (), 1),

so the fact that P € V shows that V = D(P, 1) and thus
fr(y) € FHUD(P,1) = D(f7+(P),1) = D(f'(a), 1).

We now claim that D(f*(a), 1) is disjoint from D(a, 1), which will shows that | f"(y) — a, = 1. Suppose that this is
not the case, so f¢(D(a,1)) = D(a,1), and thus

FHUV) = FH(D(P,1) = f{(D((P),1)) = f'(D(a,1)) = D(a,1)
= D(f(P),1) = f1(D(P,1)) = f/(V).

Hence
frHITH U = YY) = (V) = ),

so the fact that 0 < t < ¢ shows that this contradicts the assumption that U is preperiodic under f with period ¢. Hence
D(f*(a),1) © f™(v) is disjoint from D(a, 1), so |f™(y) — a|, = 1. We now deal with the case where ¢|n — m — j.
Our previous observation that V' contains a unique periodic point P of f that attracts every element of 1/, and the fact
that f™(v) € V, shows that

lim fY(f™(v)) = P,

71— 00
and thus
lim fY4rm+i(y) = a.

1—00
Hence there is some 73 > 0 such that
| et (y) —al, < AL,

so ffotm+i(v) € D(a,|\|,). We know that /i = n —m — j for some i € Z, and if we choose n large enough so that
i > 19, then we have that

[ @) —af, = [ O (@) o = A2 - al,
for any = € D(a, |A|,). If we take & = f*o+m+i(~) € D(a,|A|,), then this shows that

[f" () = al, = [from I (frHI () —af, = AT [ FTH () —a

v )

$0
o(f(v) = a) = (i —io)v(A) + v(fHTH (7) —a) = iv(A) + co,

where
co = v(fHOTm T (y) —a) —igu(\) < o0

because a is not in the postcritical set of f and 0 < v(\) < co. Thus if n > 0 is sufficiently large then

0, Lfn—m —j,
o(f"(7) - a) = nmed

7 =1€Z,
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which shows that 0 < v(f™ () — a) < nv(\) 4 ¢ for all sufficiently large n, and thus

It immediately follows that the desired limit is 0.
Case 2b: We now consider the case where a is not in the orbit of P under f, or equivalently since P is periodic
under f with period ¢, that a # f7(P) forall j = 0,...,¢ — 1. We know that

lim f(f™(y)) =P

11— 00

because P attracts every point of V and f™(v) € V,so forany j =0,...,¢ — 1 we have that

lim f44™4(y) = fI(P).

1—00

Hence for every € > 0 there is some integer /. > 0 such that forall j =0,...,¢ —1,if ¢ > I, then

FmHI(y) € D(fI(P),e).

The fact that a # f7(P) forall j = 0,...,¢ — 1 shows that there is some 0 < r < 1 such that a ¢ D(f7(P),r) for
all j =0,...,¢— 1. This means that f*+™+J () ¢ D(a,r) foralli > I, and j = 0, ..., ¢ — 1, forif this wasn’t true
then f“+™+J(~) would be in D(f7(P),r) N D(a,r) for some i > I, and j = 0, E — 1, which would show that
D(f(P),r) = D(a,r) and thus a € D(f/(P),r). Henceif j =0,...,f — 1 and i > I, then

r< | FHI () —al, < 1

which means that if n is sufficiently large, i.e., greater then £I,. + m, then r < |f™(v) — a|, < 1. It then follows that
v(f™(v) — a) < —log(r), so the desired limit in equation (4) is 0. This deals with all the possible cases, so it

follows that .
i YU"() —a)

n—00 (n)

=0. ]

A.2 An Analysis Lemma

The following lemma is used in the proof of Proposition 13. The author believes this is a standard result, but due to
lack of a source we include the proof.

Lemma A.3. Let (a,,)n>1 be a sequence of nonnegative real numbers and suppose that b > 1 is a real number. Then

. Gn o1 _
lim — =0 = nll_}ngcb—nZak—O.
k=1
Proof. Fix € > 0 and choose some 0 < § < . Because a,,/b™ — 0 as n — oo, we can find some integer N7 > 1
such that if n > N then
a, b-—1
— < —.
bn b
Now choose an integer N2 > 1 such that if n > N> then
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Let N = max{Ny, Na}. Then if n > N, we have that

1 n 1 N1 1 n
bfnZakbenZak%-bfn Z ag
k=1 k=1

k=N1+1
N1 n
1 Qg 1
=Dt D e
k=1 k=N;+1
- b—1 1
SRS <b5> .
k=N;+1
n
—e—5+(b-15 Y b
k=N1+1
1—pM—n
=e—-0+0b-1)0———
€ +( ) -
e g4 (1- oM
<e—0+d6==c.
But ¢ was arbitrary, so this shows that
B PR
nhﬁn;() o ;ak =0. |

A.3 Some Lemmas About Preimage Sets

The following facts about preimage sets of functions are used in the proofs of some of the main theorems in this
paper. The first one allows us to consider far fewer cases then initially seems necessary when looking at what possible
directions elements in an iterated preimage set associated to f can lie in.

Lemma A.4. Suppose that X is an infinite set and that f : X — X is a surjective function with the property that there
is at most one point x € X for which # f~'(x) = 1. Then for any a € X, either #Ts.(f,a) = 1, or #T(f,a) = oo.

Proof. First assume that there is some o’ € Tw.(f,a) for which #f~1(a’) = 1. If f~1(a’) = {a'} then f(d') = d/,
which means that @’ = a since a’ = f"(a’) = a for some n by definition. Thus #7T..(f,a) = 1. If f~1(a’) =V # d’
then we replace a with @', since it will clearly suffice to show that o, (f, a’) is infinite in order to show that Too (£, a)
is. We can thus assume that there is some b € f~!(a) distinct from a, and that for all y € T (f,a) distinct from a,
#7My) = 2.

Now choose some b € f~1(a) distinct from a. If b € f~1(b) then b € f~1(b) N f~(a), which is not possible
since b # a. Hence b ¢ f~1(b). Because #f~1(b) > 2, it follows that we can choose some 3; € f~*(b) distinct
from a,b. If b € f=1(B;) then b € f=1(B1) N f~1(a), which is not possible since 31 # a, and if 5 € f~1(31)
then 31 € f=1(b) N f~1(B1), which is also not possible since b # 3;. We now claim that for any n > 1, there exists
distinct 81, ..., 0, € Too(f,a) \ {a, b} such that

(1) g € f_l(b) and 3; € f_l(ﬁifl) forallt =2,...,n;

(2) and b, B; ¢ f~1(B;) foralli=1,...,n.
We know this is true for n = 1, so suppose that it is true for some n > 1. Because b, 8, ¢ f~1(8,), and #f~1(8,) >
2, we know that we can find some 3,11 € f~1(3,) distinct from a, b, 3,,. If 81 = B, 11 then 31 € f=H(b)Nf~1(B,),
which is not possible since b # 3. If 3; = 8,41 forany i = 2,...,nthen 3; € f~1(B;_1) N f~1(By), which is
also not possible since 3;_1 # B,. Hence B1,...,Bns1 € Too(f,a) \ {a,b} are distinct. If b € f~1(B3,,1) then
be f~YBni1) N f~1(a), which is not possible since a # 3,11, and if 3,411 € f~1(Bny1) then Bi1 € fF7H(Bn) N
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f7Y(Bns1), which is also not possible because 3, # Bnr1. Thus Bi,..., 0011 € Too(f,a) satisfy the necessary
conditions. It follows that for any n > 1, there exists distinct 51, . .., 8, € Too(f,a), s0 #T s (f, a) = oco. ]

The next lemma allows us to choose a subset of an iterated preimage set associated to f that avoids certain elements.
If f: X — X isafunction and z € X, then we set

fo(@) = {x, f(2), f2(2),... }.

Lemma A.5. Let X be an infinite set, let f : X — X be surjective, let x € X, and suppose that Too(f, ) is an

infinite set. Then the following are true:
(a) Foranyy € Too(f,x), the set f°(y) N Two(f, ) is finite.
(b) Foranyyi,...,yn € Too(f, ), there exists some xg € Too(f, ) such that y1, ..., yn ¢ Too(f, xo)-

Proof. (a): Note that if f(y) € Tw(f, ) for some n, then there is some k > 0 such that f"**(y) = =, and thus if
0 <m < nthen

FrmEE(EM ) = R (y) = a

Hence if f™(y) € Too(f, ), then f™(y) € Too(f,x) forall 0 < m < n. Thus if f*°(y) N T (f, z) is infinite,
then f"(y) € T (f, ) for arbitrarily large n, which means that f*°(y) C T (f,x). We now claim that f*°(y) C
Too(f, z) implies that f°°(y) is finite. Let n > 0 be the smallest positive integer for which f™(y) = x. Then
I y) € f°(y) € Teo(f, ), so there is some m > 1 such that

z=f""y) = ) = ().

Hence for any k > 1, f*T*(y) = 2,50 f>(y) = {y, f(¥), ..., " (), f(z),..., f"(z)} is finite, and thus
T (f, ) N f°°(y) cannot be infinite.
(b): Part (a) shows that for any y1,...,yn € Teo(f, ), we have that

N

N
Too(f,2) N | £ (wi) = [ Too (f,2) 0 £ (i)

i=1 i=1

is finite. Since Too(f, x) is infinite, it follows that we can choose some zy € T (f,z) that is not in f*°(y;) for
alli = 1,...,N. Hence y1,...,yn ¢ Too(f,x0) C Too(f,x), since if y; € Too(f,x0) then 29 € f(y;) by
definition. m
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