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Introduction

Hardy spaces arise naturally when we study the boundary limit of a holomorphic function f
defined in the open unit disk D. This is because f has the following power series representation
for all z € D:

f(z) = Z anz".
n=0

Formally and heuristically, we can replace z with e’ to obtain a function bf defined on T:
o0
bf(eio) _ Z anema'
n=0

If this infinite sum is well-defined, then we see that a, is not only the Taylor coefficient in
the power series expansion, but also the Fourier coefficient in the Fourier series expansion. We
can regard bf as a function with vanishing negative Fourier coefficients. bf and f can then be
identified. To be more precise, the map f + bf is an isometry between some Banach spaces
we will later define. Moreover, we will discuss the following two types of convergence in section
1:

o lim, ~ f (re?) = bf(e?), which is the convergence in the space LP equipped with either
the norm topology or the weak™® topology.

e lim, .o f(2) = bf(e'), which is called the nontangential a.e. convergence.

We will also prove some Banach space properties of HP. In section 2, we will study two important
operators related to the Hardy space: the Hilbert transform H and the Riesz projection Py.
These two operators can be easily defined on the set of polynomials span(z"),>¢0 C LP(T). The
natural question is whether they have a continuous extension to the LP space. Our main work in
section 2 is to prove an estimate of their operator norms on different function spaces. Alongside,
we will prove that for f € LP where 1 < p < o0,

m
> k) — f,
k=—m
where the convergence is taken in LP. We will also apply the boundedness of P to prove some
duality results of Hardy spaces.

In (1), Monguzzi defines the Hardy space on the Hartogs triangle. The corresponding projection
map S is called the Szegd projection. The notion of a Hardy space can be readily generalized
to domains with smooth boundaries. However, extending this definition to arbitrary domains
remains a non-trivial challenge. The Hartogs triangle is well-known for its pathological behaviors
in multivariable complex analysis, which motivates the need for a suitable definition tailored to
this specific domain. In section 3, we will generalize some of the classical results of the Hardy
space on the disk to the Hardy space on the Hartogs triangle, including the boundedness of S
and the duality of Hardy spaces.
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1 Preliminaries - Hardy Space on the Unit Disk

Definition 1.1. Let f be an integrable function defined on the unit disk with respect to the
normalized Lebesgue measure. We denote the k—th Fourier coefficient by f or f(k), which is

equal to
/ fzFdm.
-

Definition 1.2. Let D be the open unit disk of the complex plane. Denote its closure by D
and its boundary by T. Denote the normalized Lebesgue measure defined on T by dm. Given
a function f defined over D, we can define a function f,. on T for each 0 <r < 1 by

fr(2) = f(r2).
We define the following function spaces:
e For p € [1,00], LP = LP(T) is the space p—integrable functions defined on T.

e Hol(D) is the space of holomorphic functions defined on the open unit disk.
, 1
e For p € [1,00), HP(D) = {f € Hol(D) : || f|lhe := (supp<,<1 f02 |fr(e’9)|p%)1’ < oo}.

e H*(D) = {f € Hol(D) : [ f[lnee = sup.ep [f(2)] < oo}
e Forpe[l,00], HP = {f € LP(T): f(k) =0,k < 0}, equipped with the usual LP norm.
e (C(T) is the set of continuous functions defined on T.

e span(z"),>o is the set of all finite linear combinations of 2™ (i.e. the set of all trignometric
polynomials).

HP(D) and HP are both called Hardy spaces because there’s an isometry between them.

Theorem 1.1 (Norm and Weak* Convergence). Let 1 < p < co.

o When p < oo, for each f € HP(D), the limit lim, » f, exists in the LP norm and is denoted
by bf.
o When p = oo, the limit lim, ~ f, = bf exists in the weak™ sense.
o Foralll <p<oo, frbf is an isometry from HP(D) to HP.
Theorem 1.2 (Nontangential Convergence). For each £ on T, a Stolz angle S¢ is an angular

sector inside D centered at & such that the straight line connecting 0 and & is its bisector and
its opening angle is less than .



Suppose f € HP(D) for 1 < p < co. Then the nontangential limit always exists. More precisely,
there exists an LP function bf such that for a.e. £ on T,

lim f(z) = bf(£)

2—€,2€85¢

We also denote this limit by lim,_, e, f(2).

Remark. The main tool used in Theorem 1.1 is the weak or weak* compactness of the closed
unit ball of LP spaces, while Theorem 1.2 is proved by using a maximal function. For the
details of the proof of Theorem 1.1 and 1.2, see (2). According to this theorem, H? functions
are the boundary values of HP(D) functions and H?(D) functions are the Poisson integrals of H?
functions. From now on, we use f to denote both a function in H?(D) and its boundary limit
in HP.

Theorem 1.3. HP(D) is a Banach space for p € [1,00].
Proof. We mostly follow Rudin’s proof (3). Suppose (fn)n>0 is a Cauchy sequence in H?(D).

For any 0 <r < R < 1 and any z such that |z| < r, we apply Cauchy’s formula to the function
fn — fm around the circle v of radius R to get

v
2m 61‘9 — f ew
S(R—r);ﬂ/o ‘fn(R’leifz(‘R ) g
27
< QL \(fn = fr)R(¢)|d6,
™ Jo

where the last inequality follows from R < 1 and U%Z'%Z\ < 1. We then can further deduce that

(R =1)[fn(2) = fm(2)| < 1 (fn = )l L1
<N (fa = fm)rllze

< | fn = falle-

The last expression goes to 0 as n,m — oo. This implies that the sequence ( f;,)n>0 is uniformly
Cauchy on closed disks contained inside the unit disk. Therefore, it converges uniformly on
compact subsets of D to a function f € Hol(D). We need to show that f, converges to f
in the H?(D) norm. For every € > 0, we can find some n so that for every mj,ms > n,
|| frny — fmollwe < €. For every r < 1, we can use Fatou’s lemma to conclude that for every
m1 > n, we have

[(fmy = ellze < T inf|[(frny = frn)rll e
< lifr;janfml — fmllHe

<e.

Thus, sup, | (fu, — f)rllze < & and || frny — fl < e.

Theorem 1.4. H? is a Banach space for p € [1,00].

Proof. By Theorem 1.1, there is an surjective isometry from HP(D) to HP. Since isometry
preserves completeness and HP(D) is complete by Theorem 1.3, H? is complete.
O



Lastly, we will prove some density results that are useful for later sections.
Theorem 1.5. span(z"),>0 is dense in HP for 1 <p < oo and H>* NC(T).

Proof. Let ®,, be the Fejér kernel. It is well-known that for all p € [1,00) and f € LP,

fru(z) = —= 3" S jwt Ly,

m=0k=—m

That is, the n'® arithmetic means of the partial Fourier sum of f converges in LP to f. The
same is true for p = oo if f € C(T). If f € HP or H*NC(T), then by definition it has vanishing
negative Fourier coefficients. We can thus deduce that

fx®n(2) = ! Z Zf(k)zk L f.
k=0

n—+1

m=0

This implies the density of span(z"),>0 in HP and H>* N C(T).

O
Corollary 1.5.1. H? for 1 <p < oo and H*® NC(T) are separable.
Proof. Consider the following subset of functions:
n
E={f:T—=C: f(z)= Z(ak+ibk)zk,n e N,a, € Q,b, € Q}.
k=0
It is easy to see that any polynomials can be approximated by polynomials in E.
O
The following corollary is the analogue of the density of L? in L?.
Corollary 1.5.2. H? is dense in HP for 1 < p < oco.
Proof. H?* certainly contains span(z"),>.
O

It is natural to ask whether H* is separable. One should expect that this is not true since L>°
is not separable. We will follow the hint in (2) to prove this statement.

Theorem 1.6. H* is not separable.

Proof. We will construct an uncountable collection of functions (O,)acr, C H* such that
|©q — Os|lLe > 1 whenever o # . This creates uncountably many disjoint open sets in H>,
which implies that H* is not separable.
Define » .
. _ o1 _ o 1tre’
@a(ew) i=e T1-® =lime < 1-re?,
r,'1




We first show that ©, € H*. Clearly O, is the radial limit of the function e € Hol(D).
1+2
By Theorem 1.2, it suffices to show that eI ¢ H>®(D). For all 0 <7 < 1,

1—2rcosf+r*>1—2r+7r%=(1—-1)>

1— 72
5 >0.
1—2rcos@+r
_ 1+7‘ei6 _ 1+rei9 _ 1—r2
|e CMl—reig | = e a%(l—rew) = e a1—2r0056+7‘2 < 60 =1.

_qitz .
Hence, [le” 1= ||yee < 1 < 0o. Moreover, the calculation above also suggests that when r = 1
and e #£ 1,
Oa(e”)| =1

Now we show that ||©, — ©s| L~ > 1 whenever o # 3. We first notice that

)
1€ = OpllL= = [|Oa — @—BG)QIIL@ = [[1€all1 = Op-alllLe = |1 = Op—all L

Hence, it suffices to show that |1 — ©4[|z~ > 1 for & > 0. When ¥ # 1, we have

1 4+ ¢if 1 — eif)2
R )= Sl '

1—e?®”  1—2|e? cosf + |ei?|2
%(14-61:0): sin 0 .

1— et 1 —cosf

By L’Hopital’s rule,
in(f 0
sin(6) i 289 _

9{% 1—cosf 91\(0 sinf
sin(0) . cosf
m ——— = lim — = —o0.
0 2r 1 —cosf  6,2r sinf

By the intermediate value theorem, for any o > 0, we can find some 0 < 6y < 27 such that

_asinbo _
1 — cos by
0 '
: —ai 1+57f 0 _; asinfg .
@a(ewo) —e (175260) — "T—cos by — e i — 1,

11— Ou(ei)] = 2.

By the continuity of ©, around e, we can find a subset A C T with positive measure such
that |1 — ©4(e?)] > 1.5 on A. We conclude that |1 — O]/~ > 1 for a > 0.
O



2 Operators Defined on the Hardy Space

2.1 Boundedness of the Hilbert Transform and the Riesz Projection

Definition 2.1. Let u € L?(T) be a real-valued function. Then the Hilbert transform Hu €
L?(T) of u is defined to be the unique function such that

p—

Hu(0) =0,
u+i(Hu) € H2.

Remark. 1t is known that the Hilbert transform satisfies the following estimate:
[Hul[r2 < [lul| 2.
If u is a complex-valued function, then we can extend H linearly:
Hu := H(Ru) +iH (Su).

Here are two formulae for Hu:

1 1
Hu = —(Pyu — P_u) — —(0),
i

() = [ S(EED)u(@)amic),

where P, and P- are defined by the following formula:

Piu= Z a2,

k>0

P u= E 2",

k<0

These formulae hold at least when u is a polynomial.
Theorem 2.1. The Hilbert transform is anti-self-adjoint on L?(T).

Proof. Py, P_, and the function u ~ @(0) are all orthogonal projections on L?(T), so they are
all self-adjoint. We then use the property that inner product is conjugate linear in the second
entry to get

(Hu,v) = —i(Pru,v) + i(P_u,v)

—i(u, Pyv) + i{u, P_v)
= (u,1Pyv) + (u, —iP_v)
= (u,i(Pyv — P_v) —iv(0))
= —(u, Hv).

i(a(0),v)
u, 0 (0>

_|_
_|_
+

u
(u,—

O]

Remark. Notice that L? N L' = L? (because the circle is a space with finite measure) is a dense
subspace of L'. Suppose we do know that H sends functions in L? to L and is in fact a
bounded operator (i.e. for all f € L?, there exists some constant C such that ||Hf|[1,00 <
C||fllz:, which is proved in the following theorem). Then, we can extend H to L! and view
it as an bounded operator from L' to L1*>. Specifically, for any g € L!, we find a sequence

{gn}n € L? such that
Ll
Gn — 9,

9



and then define Hg to be the limit of {Hg,}, in L1'*°. The limit exists because {Hgy}, is a
Cauchy sequence in L1*°:

HHgn - Hgm”Ll»OO = HH(gn - gm)”Ll’o“ < CHgn - gmHl —0asn,m— oo.
Suppose {ky, }n is another sequence in L? that converges to g. Then the following sequence also
converges to g:

k1,91, k2,92,

For the same reason, the image of this sequence under H is again a Cauchy sequence. Moreover,
it contains both { Hgy, },, and {Hky, }, as its subsequences. Therefore, {Hgy, },, and {Hky, },, must
have the same limit. This suggests that the definition of Hg is independent of the choice of an
approximating sequence. In this way, we extends H to get a weak-type (1,1) operator on L'(T).
We will often use a similar type of argument implicity for a continuous extension of an operator
throughout the entire thesis.

Theorem 2.2. The Hilbert transform densely defined on L*(T) C L'(T) satisfies a weak type
(1,1) estimate.

Proof. We follow the hint on (2). For every u € L*(T) C LY(T), we define a distribution
function:

Aru(t) = m{C: [Hu(C)] > t}.
We can assume that v > 0 by decomposition and |lull; = [;udm = 1 by normalization. We
show that it satisfies the following inequality:

2
A (t) < ;,for all ¢ > 0.

Let f = u+ iHu so that f € H? (and thus £(0) = f(0) = @(0) = 1). Define
4t
¢ = 1+f—|—t

For a fixed t, ¢; is a bounded function on the circle because

!f—t|_1+\/(u—t)2+(HU)2<2_

’¢t|§1+!f+t| B (u+1t)?+ (Hu)? —

Therefore,

Ii(2) == /T g —_F i?)’%czst(C)dm(C)

defines an analytic function on D. Notice that

V2 € D, RI (2 /m“zm )dm(C) = Ry (2).

Thus, ¢; (it has a holomorphic extension to D) and I; are two analytic functions with the
same real part. It follows from the Cauchy Riemann equations that I; and ¢ only differ by
an imaginary constant. Since both I;(0) = [; R¢¢(¢()dm(¢) and ¢¢(0) = 1+ 1 IT—t are real, Iy = ¢y.

Now if |[Hu| > t, then we have
(Hu)? > %,
u? 4 (Hu)? > %,
2u® + 2(Hu)? + 2tu > u? + % + 2tu + (Hu)?,
2u? + 2(Hu)? 4 2tu > (u +t)? + (Hu)?,
2u? + 2(Hu)? 4 2ut
(u+1)? + (Hu)?

R = > 1.

10



By Chebyshev’s inequality, we can conclude that

Arra(t) < Ay (1) < / Rebedm — 1,(0) = 64(0)
T

L—t l+t4l-t 2 _2

1+¢ 1+t 14t t

=1+

O]

Remark. Now we know that H is defined on L' (with codomain in L), so it is defined on LP
for any 1 < p < o0.

Theorem 2.3. The Hilbert transform is a strong (p,p) operator any 1 < p < co.

Proof. The case that 1 < p < 2 follows immediately from Theorem 2.2, L? boundedness of H,
and the Marcinkiewicz Interpolation Theorem. If 2 < p < oo, then for every u € LP, we can

define a linear functional on L? C L¥ ( % + 1% =1):

vel? »—>/1)Hudm.
T

Since H is anti-self-adjoint, we have:

|/1;Hudm\ = ]/(Hv)udm|
T T

< |Jul|zr||Hv||» (Holder’s inequality)

< lwllzo 1 H | g o [0 -

This functional can then be extended to LP by density. The duality between LP and L  then
implies that ||[Hul|lze < ||H|p_ o |Jullze-

Theorem 2.4. The Riesz Projection Py is a strong (p,p) operator for any 1 < p < oo.

Proof. Recall that

Piu— P_u=iHu+ 4(0),
2P u = iHu+ u(0) + u.
By Theorem 1.4, we have
1,. N
| Pyull e = inHu + 4(0) 4+ ul| L
<

L.
([ |~ e + Dljul e + 51a(0)]

<

—~

1
2
1 1

SUH N zr—re + Dlfullze + Sllull 2

IN
DN =

(GIH L ze + Dull .

Theorem 2.5. The Hilbert transform is not bounded on L™ and L'.

11



Proof. We first consider the space L>°. Consider the function f(z) =iLog(l — z) (we use Log
to denote the complex logarithm defined on C — {(—o0, 0]}), which is holomorphic in the open
unit disk D and can be extended continuously to D {1} f has the following power series
representation in D:

Zk

| =

f(z) =iLog(l —z2) = Z

k=1
f belongs to H?(D) because

2 2d0 > 1
swp [ (e =S WE=Y 5 <o
k=1

0<r<1 k>0

The boundary value bf of f thus belongs to H?. Since bf is the a.e. nontangential limit of f
and f is continuous on D — {1}, we have

iLog(1 —e) = bf(e?) e H.
Notice that the real part u := Rbf is equal to

sin 6
— arctan(

),

cosf —1

which is in L* because arctan is a bounded function. The imaginary part Sbf is unbounded
and has mean value zero by the next lemma. Consequently, Hu = Ibf, which shows that H
does not even map L into L°°.

Now suppose by way of contradiction H is a bounded operator from L' to L'. We can then
define a linear functional on L? for each u € L™ by the following formula:

ve L? r—)/vHudm.
T

Again we use Holder’s inequality and the anti-self-adjoint property of H to deduce that

|/vHudm] = |/(Hv)udm|
T T

< Jlullzee [ Hvll 21
< lullzee[[H s llvllr-

This functional can then be extended to L', which then shows that | Hu| = < |H||p1_ 11 ||ullLe-
This contradicts what we proved above.
O

Lemma 2.6. log|1 — z| has mean value zero on the circle.

Proof. Consider the function h,.(f) = log |1 — 7| a.e. defined on the interval [0, 2] for some
r € [0,1]. h, is the restriction of the real part of the function ¢ Log(1l — rz), which is harmonic
on a open domain containing D when r < 1, by the mean value property of harmonic functions,
we have

1 2T
= [ he)de =0,
o J, (0)
1 2T
lim o /O ho(8)d0 = 0



We are done if we can interchange the order of limit and integral. Hence, our goal now is to
justify the use of the dominated convergence theorem. We use Euler’s formula to get

hy(8) = log v/1 + 72 — 2 cos .

From this equality, we can see that h, is symmetric around 7, so we just need to focus on the
behavior of h, on [0, 7]. Choose some small € > 0 so that

e when 1 — r is small enough, |1 — re?| < 1 for all § € [0,¢) and
e 02 <sind for all @ € [0, ¢).

Such ¢ exists by the continuity of the function |1 —re|. Then, |h,(6)| has a uniform bound M
over the interval [e, | because it can be viewed as a two-variable continuous function defined on
the compact space [0,1] x [g,7]. We claim that |h,(6)| is dominated by the following function:

- log(#), 6€10,¢)
p(0) = {M, " e e, 7]

Indeed, we have just shown that |h,(0)] < M for § > . Now we fix some 0 < 6§ < e. By
calculating the derivative of 1412 —2r cos § with respect to 7, one can know that this expression
reaches its minimum at r = cosf. Hence,

62 < |sin 6|
= /1 +cos20 —2cos20

< \/1+r2 — 2rcosf
i0’

=|1-re
< 1.
The monotonity of logarithm implies that
log 62 < log |1 — re?| < log1 =0,
1e(6)] = 1o |1 — re”]] < log().

Lastly, we need to show that the function p is integrable. By the monotone convergence theorem
and the L’Hopital’s rule, we have

5 1 ' € 1
/Olog(m)dezili%/a log(@)dG

1 €
— lim [log(—) + 2]
a{r(l) . Og($2)+ v a
1 .
= 5log(6—2) + 2 — GILI{(I[l)(—QCL loga + 2a)
1
— clog(=) + 2
50g(€2)—|— £
< 00.

Remark. Since

iHu = Pyu — P_u— 4(0)
=Piu—Pu—u(0)+u—u
=2P u—u(0) — u,

13



P, cannot be a bounded operator on L> or L', as this would imply that H is bounded on these
two spaces, leading to a contradiction. We can also directly prove that Py is not bounded on
L by considering the following function

(0) = T —0, O<O<m
9= —r1—0, —m<0<0

We can compute its Fourier coefficients. When k # 0, we have

30 = 5= [ 9@ Mas

:g .

I ; 1 [ ;
(m — 0)e~*0dp + o / (=7 — 0)e*0dp

o /o ) _x

1 —imk+e™ -1 irk4e ™ —1

= 2 k2 a k2 )
1  —2mik

=l )

o (3

=

When k = 0, g(k) is just the integral of g. Since g is an odd function, §(0) = 0. Hence,

Pig(e?) ==

k=1

ek? = i Log(1 — €%),

| .

where the last equality is a consequence of Abel’s theorem. Since i Log(1 — eie) is unbounded
around 0 = 0, we can conclude again that Py is unbounded on L*°.

Theorem 2.7. The Hilbert transform and the Riesz projection are not bounded on C(T).

Proof. By using the formula in the remark above, the unboundedness of P, follows from the
unboundedness of H. Hence, we will just show that H is not bounded.

We prove by contradiction. Suppose H : C(T) — C(T) is bounded (or H has a continuous
extension to C(T)). Let M(T) be the space of Radon measures. The norm of a measure
v € M(T), denoted by |u|, is its total variation. For a fixed f € L', ||f]l;2 = |fdm| (see
Chapter 3 and 7 in (4)) and defines a bounded linear functional Iy on C(T) by the following
formula:

for all g € C(T), I¢(g9) = /gfdm.
T

By the Riesz representation theorem (see Chapter 7 in (4)), which describes an isometric iso-
morphism from M(T) to (C(T))*, the operator norm of Iy is equal to the total variation norm
| fdm/|, which means that

1£lt = IFlz: = |Fdm| = supd] /T gfdm| g € C(T), |lgll~ < 1}.

We can then use this quantity to estimate the L' norm of H f. Suppose first that f € L?. For
all g € C(T), we can use the self-adjoint property of H to deduce that

| / gHfdm| = | / Hgfdm|
T T
< |[Hgllzeo || f] 22
<N H lem—cmlglzellfll -

14



Hence,
IH fllzr <[ Hllem—em Il

As L? is dense in L', this inequality above is true for any f € L'. This means that H is
continuous from L' to L', which contradicts Theorem 2.5.
O

15



2.2 The Nonexistence of Projection onto H' and H*.

Definition 2.2. Let X be a Banach space and M a closed subspace. A bounded linear operator
P : X — X is called a projection onto M if P2 = P and its image is equal to M.

Theorem 2.8. There does not exist any bounded projection from L' onto H'.

This result was first proved by Newman in (5). Later, Rudin gives another proof in (6). In the
following, I will explain Rudin’s approach.

Proof. Here is an outline of Rudin’s proof. Suppose P : L' — L' is a bounded projection onto
H'. We can use P and a vector-valued integral that we will later define in this section to obtain
another bounded projection P* onto H! that commutes with translation (given f € L', its
translation by ¢ € T is the function 7¢f(z) = f(2¢)). That is, for all f € L(T), ( € T,

(P f) = P*(7¢f).

Then by a standard result about the Fourier multiplier operators, see (7), there exists a sequence
{cn} € 1*° such that for a smooth function f,

P f(z) = Z enf(n)2".

neZ

Apply the equality P*? = P* to f(z) = 2" for all n € Z, we get

Since P*L! ¢ H! and does not include 2" for n < 0, P*(2") = 0 for n < 0. Since P* is surjective
onto its image H', P*(z") = 2" for n > 0. Therefore, P* is equal to the Riesz projection P, (at
least on the set of trignometric polynomials), which is a contradiction because we have already

shown that P, cannot be extended to a bounded projection on L!.
O

We see that the essence of the proof is to construct a bounded projection that commutes with
translation. Therefore, we introduce some basic knowledge about topological vector space and
vector-valued integral. Many definitions and theorems in this subsection can be found in Rudin’s
functional analysis (8). We only state theorems essential to the construction of P* without giv-
ing a proof.

Definition 2.3. Let X be a topological vector space (TVS) over a field F = R or C. We always
assume that a TVS satisfies the 77 axiom and is thus Hausdorff. A local base of X is a collection
B of neighborhoods of 0 such that every neighborhood of 0 contains a member of B. X is locally
convex if there is a local base B whose members are convex. X is an F—space if its topology
is induced by a complete, translation invariant metric d. X is a Fréchet space if X is a locally
convex F'—space. The dual of X, denoted by X*, is the set of all continuous linear functionals
on X.

In order to ensure that the integral of a reasonably nice function exists, we need some criterion
for compactness.
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Definition 2.4. Let E C X. The convex hull of E is the intersection of all convex subsets of
X which contain F, and it is denoted by co(E). Its closure is denoted by ¢o(FE). E is bounded
if for every neighborhood V' of 0 in X, there exists a number s > 0 such that E C tV for every
t > s. FE is said to be totally bounded if for every neighborhood V of 0 in X, there exists a
finite set F' such that £ C F'+ V.

Theorem 2.9. If X is locally conver and E is bounded, then co(E) is totally bounded. If X is
Fréchet and E is compact, then ¢o(E) is compact.

We also want the integral that we later define to be unique. The following theorem is essential
for uniqueness.

Theorem 2.10. If X is locally convex, then X* separates points. That is, for every pair of
distinct points x1,xe € X, there exists a continuous linear functional A such that A(z1) # A(x2).
In particular, the dual of a Fréchet space separates points.

We are ready to define a vector-valued integral. Assume f : Q — X is a continuous function
from a compact measure space ) with a (positive) Borel probability measure p to a TVS X
such that X* separates points. Since f is continuous, for all linear functional A € X*, Ao f is
continuous and thus measurable. A(f(Q)) is a compact subset of C and thus bounded, which
implies that A o f is an integrable function defined on . The following expression is then

well-defined:
/(A o f)dp.
Q

We want the integral to behave nicely with linear functionals. For example, we can always
change the order of integration and scalar multiplication for a scalar-valued integral. We in-
clude this property into our definition of a vector-valued integral.

Definition 2.5. Let f : ) — X be a continuous function from a compact measure space Q)
with a (positive) Borel probability measure p to a TVS X such that X* separates points. If
there exists a vector y € X such that for all linear functionals A € X*,

Ay = / (Ao f)dp,
Q
then we define the weak integral of f to be y, which is denoted by

/Qfd,u.

We can apply Theorem 2.9 to see that this weak integral is unique if it exists.

Remark. Notice that if T': X — Z is a continuous linear operator, then for all A € Z*, Ao T is
again an element of X™* and,

A(Ty) = /Q (AoTo f)du,

Ty = / Tfdu.
Q
T thus commutes with the integral.

Theorem 2.11. Let f : Q — X be a continuous function from a compact measure space QQ with
a (positive) Borel probability measure p to a TVS X such that X* separates points. If co(f(Q))
is compact in X, then the integral of f exists. Moreover, the integral belongs to co(f(Q)). In
particular, the integral of f exists uniquely when X is Fréchet by Theorem 2.9.
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In the case that X is a Banach space, we also have the following triangle inequality for the weak
integral:

Theorem 2.12. Suppose X is Banach. Then by an application of the Hahn-Banach theorem,

we have
H / faul < / 1/l dp.
Q Q

As mentioned in the beginning of this subsection, we will construct a bounded projection
P*: L' — H' that commutes with translation given any bounded projection P : L' — H'. In
fact, we will prove a more general statement.

Theorem 2.13. Let X be a Banach space and G a compact, abelian topological group acting
continuously on X . This means that each g € G corresponds to a linear continuous isomorphism
Ty of X (and we denote Ty(x) by gx) such that

(9,7) — gz

is not only a group action but also a continuous function from G x X to X. Let P: X — X be
a bounded projection onto a closed, translation-invariant subspace Y C X (i.e. for all g € G,
gY C Y). P induces a bounded projection P* : X — X onto Y such that P* commutes with
every g € G.

Remark. We claim that the conditions of this theorem are satisfied in the case that G = T™ and
X = LYT"), which is the space of integrable functions with respect to the normalized Haar
measure p. The group multiplication of T" is just pointwise multiplication in each component.
The n—torus acts on L'(T™) by translation:
Forall f € L'(T"), 2= (21, ,22) € T, (= (C1, -, () €T,
E ((17 Ty (n)
7cf(2) = f(2Q).
We need to show that (¢, f) — 7¢f is a continuous function from T" x L'(T") to L'(T™). We
apply the triangle inequality to see that

e f — 1o foller = e f — ¢ fo + ¢ fo — T¢o foll o
<|lref = follpr + [I7¢ fo — 7¢o foll o
= ||f = follor + ll7¢c fo — 7¢o foll

where we use the equality ||7¢f — 7¢follzr = ||f — fol/z1, which follows from the translation
invariance of the Haar measure. By definition, || f — fo|[z1 goes to 0 as f — fo. ||7¢.fo — 7¢o foll o1
goes to 0 because translation is continuous in L'. Hence, 7¢ [ converges to 7¢, fo — ¢ as f — fo,

¢ = Co-
Remark. We show that HP C LP is a closed, translation invariant subspace for 1 < p < oco.
e HP is complete and thus a closed subset of LP.

e If f(n) =0, then ;67(”) = 0 because
whn) = [ ¢z dm
- [ 1) dm

=("f(n).
18



Hence, if f € HP, then f(n) =0 for n < 0 and thus ;C\f(n) = 0 for n < 0, which implies
that 7. f € HP. We conclude that H? is translation invariant.

Proof of Theorem 2.13. We define P* to be the following vector-valued integral:
Py = / g ' Pgxdu(g).
G

 is the normalized Haar measure. Notice that for a fixed x, g ' Pgz is a continuous function
from G to X. Since X is a Banach space and thus a Fréchet space, P*x is well-defined by
Theorem 2.11. P* is clearly linear. We need to check that

e P* is bounded. By the next lemma, there exists a uniform bound M such that Vg € G,
llg|| < M. We can then use Theorem 2.12 to obtain the following inequality:

MP*wus;/grglpgxrdg

< [ 322P] s]dg
G

= M?||P||||].
The operator norm of P* is thus bounded by M?||P||.

e the image of P* is Y. Pgx € Y by the definition of P. Since Y is translation-invariant,
g 'Pgr €Y. Let f(g9) = g~ !Pgx. Then Theorem 2.11 tells us that P*x lies in co(f(G)).
We just showed that f(G) C Y. Since Y is both closed and convex, ¢o(f(G)) C Y and
Pz eY.

e P* is idempotent. It suffices to show that P* is equal to identity on Y. If z € Y, then
gr € Y and Pgr = gx because P is equal to identity on Y. In this case, g~ 'Pgx =
g gz = x is a constant function (independent of g) and thus P*z = .

e for all a € G, P*a = aP*. Since p is translation invariant, the integral of f(ga) is equal
to the integral of f(g). Recall that a linear bounded operator always commutes with the
integral. In particular, T, commutes with the integral. We then can conclude that

:/ a(ga) ' P(gaz)du(g)
G
_a/@@4p@mmmm
G
=a / f(ga)du(g)
G
:a/ f(g)du(g)
G

= aP*z.

Lemma 2.14. |g|| := ||Ty||x—x ts uniformly bounded.

Proof. Rudin’s original proof relies on the Baire category theorem. Here I give an easier argu-
ment using the uniform boundedness principle. By this principle, it suffices to show that for all
r € X,

sup [lgz| < oo
geG
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Notice that since z is fixed, the function g +— ||gz|| is continuous. Since G is assumed to be
compact, the image of this function is a compact set in R and is thus bounded.
O

Theorem 2.15. There does not exists any bounded projection from L onto H™.

Proof. Again we prove by contradiction. Suppose P : L>® — L* is a bounded projection onto
H>. T also acts on C(T) continuously by translation because each f € C(T) is uniformly
continuous and translation always preserves the supremum norm. Hence, for each f € C(T)
and ¢ € T, the function ¢ — 7¢f is continuous from T to L (as the norms of L* and C(T) are

the same). We can then deduce that ¢ — 7.-1(P(7¢f)) is a continuous function from T to L,
which implies that that the following integral is still well-defined and lies in L°°:

Prf= /TC P(rcf))dm(¢).

Moreover, we can use Theorem 2.12 and the fact that translation by a fixed ¢ is an isometry to
estimate the norm of P*f:

1P flaoe < [ lrer(POre ) aoedim
< [ 1Pl

= 1Pl o

P* is thus a bounded operator from C(T) to L*>. Suppose we can show that P* = P, on z"
for each n € Z. This implies that P*(span(z"),ecz) C span(z")p>0 and by the continuity of P*
and Theorem 1.5, we have

P*(C(T)) = P*(span(z"™)nez) C P*(span(z")pez) C span(z")p,>0 = H* N C(T) C C(T).
P* is thus a continuous extension of Py from C(T) to C(T), which contradicts Theorem 2.7.

Hence, our goal now is to show that for each n € Z, P*2" = P,z". Recall that the weak
integral commutes with every bounded linear functional in (L°)* and in particular, the Fourier
coefficients operator A¥ defined by A*(f) = f(k) for each k € Z. Let’s do some calculations:

AF(P*2m) = AF( / 71 (P(7c2"))dmi(C))
- / A (71 (P(7c2™))dm(C)
/ / )(EQ)Exdm(€)dm(C)
_ / / (P(2"C™) (€)E"CE dm(€)dm(C)
TJT
_ / / (P=")(&)E"CHmdm(€)dm(()
/ / (P=")(€)Erdm(€)¢ " dm (C)

- / (P=")()E*dm(¢) / ¢E=mdm()
j
:Ak(Pzn)(Snk

When n > 0, 2" € H® and Pz" = 2" because P is equal to identity on H>°. Hence, A¥(P*2") =
AR (2™ = (0pr)? and P*2" = 2" = Py2". When n < 0, Pz" € H*®. Thus, A"(P2z") = 0 and

20



P2t =0= Py 2",
O
Remark. As A* is also a bounded functional in (L')*, one can perform the same calculation in

the proof of Theorem 2.15 to prove Theorem 2.8. Hence, the result about the Fourier multiplier
operators is actually not necessary.

Theorem 2.16. There does not exists any bounded projection from C(T) onto H>* N C(T).
Proof. The proof is almost exactly the same as the one of Theorem 2.15. One just needs to

replace L with C(T).
U
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2.3 First Application: Convergence of the Partial Fourier Sum in L? for
l<p<oo

In this section, we will apply the LP boundedness of P, for 1 < p < co to show the convergence
of the partial Fourier sum in LP. We first need some definitions and lemmas from (2).

Definition 2.6 (Basis). Let X be a Banach space and let (zx)rez C X be a family indexed by
the set of integers. It is called a symmetric basis if for all x € X, there exists a unique sequence
(ar(x))rez C C such that

n

r = lim E a(x)xg.
n—oo
k=—n

Remark. For 1 < p < 00, (2")pez forming a symmetric basis in L? is equivalent to the conver-
gence of the partial Fourier sum of f to f itself in LP. Hence, our goal now is to show that
(2™)pez forms a symmetric basis, which explains why the following lemma is useful.

Definition 2.7 (Biorthogonal System). A biorthogonal system is a pair ((x,)n, C X, (fx)rx C
X*) such that

Lemma 2.17. Given a biorthogonal system ((zn)n C X, (fn)n C X*) in a Banach space X, set

Pn,m = Z fk()xkum < n,

k=m
P, = n,—mns T 2 1.

Then (xn)n is a symmetric basis iff S = sup,>; || Py|| < oo and span(w,) is dense in X.

Proof. = 1f (z,,)n is a symmetric basis, then for each x, there exists a unique sequence (ay(x))rez C
C such that

m
x = lim ax(z)zy,
m—00
=—m
m m
fo(z) = W}gnoo ar(z) fn(zk) = W}gnoo ax(x)0kn, = an(x).
=—m k=—m

Hence, the sequence P,x converges to x. Since a convergent sequence is bounded, we have
sup,,>1 || Paz|| < oo. By the uniform boundedness principle, sup,,> [|[P.| < oo. Density of
span(zx,) is trivial.

< We'll first show that P,z converges to x for each x. Notice that given any finite linear

combination z = Y, p kT of (2y)n, where K is a finite set. Then for sufficiently large n, we
have

Pu(z) = Pa()_cxwr) = Y L erap)wi= Y Y cdipti = Y cpax = 2,

keK i=—n keK keK i=—n keK
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which implies that P,z converges to z for all z € span(x,,). Now for each x € X, since span(zy,)

is dense in X, there exists a sequence (z)r C span(x,) such that zp — x.
P, (z) = P,(lim z) = lim P,(zg).
k—o0 k—o0
lim P,(zx) = 2.
n—oo

lim P,(x) = lim lim P,(z).

n— 00 n—00 k—o00

Notice that the first convergence is uniform in n because

1P () = Pa(zp)[| < | Palllle — 2]l < Sl — 2.

By the Moore-Osgood Theorem, we can interchange the limit operation to get

i, Pola) = Jim lim Puew) = Jimg o = o

We then need to show the uniqueness of the coordinate functionals. Suppose there exists another

sequence (ag(z)) C C such that

Wliinoo kzri:m fr(z)zk = n}gnoo kzri:m ag(x)xg.
We apply f,, on both sides to get
f( lim kim fe(@)ag) = ful lim kzwi:m a () k),
lim i fe(@) fu(xy) = lim i ag () fn (),
k=—m k=—m
lim k:i_m fe(@)0pp = lim_ k:im ar () Okn,

Theorem 2.18. For 1 < p < 00, (2")nez forms a symmetric basis in LP.

any f € LP, its Fourier series converges in LP to f.

Proof. ((2")nez, (2™)nez) is a biorthogonal system because

fH/sz”dm

O
Consequently, for

is a continuous linear functional defined on LP. By Lemma 2.17, we only need to show that
SUpP,>1 || Pallzr—rr < 00 and span(z") is dense in LP. The second condition follows easily from
the Stone Weierstrass theorem, so we only need to check the first condition. Suppose ¢ is a

trignometric polynomial. Then for each n > 1,

Png = 2""Po2n(2"q),

1PagllLr < 1Po2n(z" @)l r < |Po2nllzr—rol2" ¢l e = [[Po.2nll Lo Lrllq]|o-

By density, we then have ||P,||zr—rr < || Po2nl|lzr—rr and
sup || Pyl Lr—re < sup || Po2nllLr—r1r-
n>1 n>1
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Therefore, it suffices to show that sup,,~; || Po2n||zr»zr < 00.

oo
Po2n(q) = Prq — Z (g,2")="
m=2n+1
oo
— P+q _ 22n+1 Z (q’ Zm+2n+1)zm

m=0
0o

_ P+q o Z2n+1 § :(q22n+ljzm)zm
m=0

_ P+q _ z2n+1P+(q22”+1).

1Po2n(@lze < |Prallze + 1P+ (a2 ) [2e < 2] Pyl o pollal o

Again by density and by Theorem 1.5, we then have || Py 2, ||rr—1r < 2||Py||rr—rr < 00.

Theorem 2.19. The following definitions of HP are equivalent for 1 < p < oo:
1. {f € L(T): f(n) = 0,n < 0}.
2. {f € LP(T) : there exists (an)n>0 such that ZZ:O anz" converges in LP to f}.
3. The closure of the span(z")n>0 in LP(T).
4. The image of LP(T) under P;.

Proof. 1 = 2 Let f € LP such that f(n) = 0 for n < 0. We know that by Theorem 2.18, 2" is
a (symmetric) basis for LP, so f has the following series representation:

f=>fn)".
n=0

This series converges in L? norm.
2 = 3 Trivial.

3 = 4 Let f be in the closure of the span(z"),>¢ such that (f)n>0 C span(z,)n>0 is a sequence
that converges to f € LP. By Theorem 2.3, P, is bounded on LP (or it is a bounded operator
on L? N LP and thus can be extended to LP). Since we clearly have Py f, = f,, taking L? limit
on both sides gives:

Py f = Pi(lim fp) = lim P, f, = lim f, = f.

4 = 1 Suppose g = Ph for some h € LP. By Theorem 2.3, g € LP. We need to show that
g(n) =0 for n < 0. Consider the series representation of g and h:

h="_h(n)z" =lim P,h,
nez

> §(n)z" =g =Pih=lmP,P,h = h(n)z".
nez n>0

Again (2™),¢cz is a basis, so the uniqueness of the coefficients in the series representation implies
that g(n) =0 for n < 0.
O

Remark: This theorem also shows that (2"),>0 is a basis for HP, 1 < p < co.
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2.4 Second Application: Duality of Hardy Spaces

Theorem 2.20. For every continuous linear functional ¢ € (HP)*, 1 < p < oo, there exists a
unique g € H”, % + ; =1, such that

o) = /T fgdm

for all f € HP. For each g € HP' | denote the integral operator fT(')gdm by 14, then the map
I:g— I, gives an isomorphism between HY and (HP)*.

Proof. By the Hahn-Banach theorem, ¢ € (HP)* can be extended to a linear functional ® €
(LP)*. By the duality (LP)* = L¥ | there exists an L?' function g such that

for all f € HP, ¢(f) = / fgdm.
T

Suppose first that f € span(z,)n,>0 C H? and g € L? NLY. On L%, PT is a projection operator.
By the self-adjoint property of a projection operator defined on a Hilbert space,

o5 = [ faim = [ (P, pgam.
o)) = /T fPrgdm.

The equality then still holds for arbitrary f € H? by the density of span(z"),>0 (proved in
Theorem 1.10), and Pyg € H? indeed represents ¢ in this case. In general, if g € L¥' | we taken
a sequence (gn)n>0 C L? N LY that converges to g in LP'. Then for a fixed f € span(z")p>0 C
H? N HP,

o(f) = /T (P, f)gdm = lim /T (P, f)gndm,
6(f) = lim /T [ Prgndm,
o(f) = /T fPrgdm,

where the last equality follows from the continuity of P on L¥'. Lastly, for an arbitrary f € H?,
we can find a sequence (fy)n>0 C span(z"),>0 that converges to f in LP norm. Then,

6(f) = lim é(f,)) = lim /T JuPrgdm = /T fPrgdm.

This convergence follows from the p’-integrability of P, g and Holder’s inequality.

Now we prove the second part. We have already shown that [ is surjective, and its boundedness
follows easily from Hélder’s inequality. It remains to show that [ is injective (the open mapping
theorem then guarantees that a bijective continuous operator is a homeomorphism). Suppose
I, = I, for two functions g,h € H?. Then I,(z") = I;(z") for any n > 0. By using the fact
that (2")nez is a basis for L', we have

I, (") :/z”gdm:/z"hdm = Ip(2"),
T T
for all n, g(n) = h(n),

g= Zg(n)z” = Z h(n)z" = h.

n>0 n>0
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Definition 2.8. In order to describe the duality results of H? for p ¢ (1,00), we introduce the
following function spaces:

P, L = {f : there exists g € L* such that f = P;g}.
H>® ={feL®: foralln>0,f(n) =0}

P,C(T) = {f : there exists g € C(T) such that f = P,g}.
C(M)_ ={feC(T): foralln>0,f(n)=0}.

If g € PLL*>® or PLC(T), then

lgllp, oo = inf{||h]|L : Pyh = g}.
The norms in H* and C(T)_ are inherited from H* and C(T), respectively.

Theorem 2.21. P.L*>* and PyC(T) are both Banach spaces. Hence, PLC(T) is a closed
subspace of Py L™>.

Proof. We first show that ||||p, r is indeed a norm. The only nontrivial part is to check that
it is positive definite. Suppose

lgllp L =0

for some g € Py L*°. We can then find a sequence of functions (hy,)n>0 C L> C L? such that
for each n,

1
PJrhn =9, ||hnHL°° < ﬁ

The sequence (hy)n>0 thus converges to 0 in L?. Since P, is continuous from L? to L?, we have
0=Pr0= Pl iy, fn) = g, Prlin = g 9= 9
To check that P, L*> is Banach, we just need to show that for every sequence (z)r>0 C Py L™

such that Y 72 | ||zg|lpy e < 00, > j_; x converges. For each k, we can find y;, € L* such that

Piyr = o, [|yklles < ||lzkllpppe + ok

The sequence (yi)r>0 is absolutely convergent because

o o0 o0 1 (o]
S llyellze <D llwkllpre + > oF = > llakllp, e +1 < oo
k=1 k=1 k=1 k=1

Since L™ is a Banach space, Y, yx converges to some y € L. Notice that Y ,_, z converges
to Pyy because as n — oo, we have

n n n
IPry = allpore = 1Py =D ww)llpioe < lly— > vkllze — 0.
k=1 k=1 k=1

The completeness of P, C(T) can be proved by using the same method.
O

Theorem 2.22. For every continuous linear function ¢ € (HY)*, there exists a g € L™ such
that for all f € H',

o) = [ saim.
Moreover, for all p > 1 and f € HP, we have
o) = [ 1Prgam.
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Remark. p > 1 is a necessary condition because Pg does not necessarily lie in L (recall
in last subsection, we construct an explicit example of a bounded function g such that P,g
is unbounded), which prevents us from using Holder’s inequality to justify that the integral
- fPygdm is well-defined.

Proof. Again we can use the Hahn-Banach theorem to extend ¢ to obtain a bounded linear
functional ® defined on L'. Since (L')* =2 L™, & is represented by some g € L>. Thus, for all
fedt,

o(f) = B(f) = /T fgdm.

This functional proves the first part of this theorem. For the second part, we discuss two cases
separately.

e When p > 2, an HP function f also belongs to H2. In addition, g € L> C L?. Therefore,
we can use the self-adjoint property of P, on L? to conclude that for all f € H?,

o(f) =o(Prf) = /T P, fgdm = /T fP,gdm.

e When 1 < p < 2, let p’ be the conjugate exponent of p. In this case, Py g € P L>® C
P, ¥ = H? and let (fn)n>0 C HP N H? be a sequence of functions that converges in LP
to f. Then,

6(f) = lim é(f) = lim /T fuPrgdm = /T fPrgdm,

where the last equality follows from Hoélder’s inequality.

O

It turns out that P, L% is still isomorphic to (H!)*. We need some additional tools about
quotient spaces before proving this fact.

Lemma 2.23 (First Isomorphism Theorem of Banach Space). Let X,Y be Banach spaces and
T: X — Y a bounded surjective operator. Assume that X/ker(T) is equipped with canonical
norm for quotient space. For each x € X, denote its coset in X/ker(T) by [x]. Then the map
T : X/ker(T) — Y defined by

~

T([z]) = Tx

is an isomorphism between Banach spaces.

Proof. See Exercise 35 in Chapter 5 of (4).

Corollary 2.23.1. We have the following two isomorphisms:

PyL® = [®°/H>,
P.C(T) = C(T)/C(T)_.

Proof. By Lemma 2.23, it suffices to show that H> = ker PL N L* and C(T)_ = ker P NC(T).
For any f € L™ or C(T), f € L?. Hence,

P+f = Zf(n)zn7
n=0
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where the series converges in L2. Therefore, Py f = 0 iff f(n) = 0 for all n > 0 (the forward
direction of this statement uses the uniqueness of the coefficients in the series representing 0).
O

Theorem 2.24. For every functional ¢ € (H')*, there exists a unique coset [g] € L>/H™ such
that for all f € H',

o) = [ sadm.

For each g € L™, denote the the integral operator [+(-)gdm by I,. [g] — I, is then an isomor-
phism from L=/H> to (H')*. Thus, we have

P L>® >~ L[>®/H> = (HY)*

Proof. To show that the map [g] — I, is well-defined, we need to show that for every element
h € H*, Iy is the zero functional. For each n > 0,

I,(z") = h(n) =0
by definition. As span(2"),>o is dense in H' by Theorem 1.5, I, is indeed the zero functional.

I, € (HY)* and | Iy]lgic < |l[g)llne e by Holder’s inequality. In Theorem 2.22, we have
already shown that the map [g] — I, is surjective. We also need to show that it is injective.
Suppose g1 and go are two functions in L such that I, = I,,. Then, for each n > 0,

Igl (Zn) = g2 (Zn)v

Igy—go(2")

g1 — 92(n)

0,
0

This implies that g1 — go € H>. Hence, [g1] = [g2].
U

A more explicit representation of a linear functional in (H!)* is given in the following theorem.

Theorem 2.25. For any g € PLL>® and any f € H', the following limit exists:

() =i [ 76:05GCm(c).

I, is a continuous operator defined on H' with its operator norm equivalent to lgllpire. g— 14
is an isomorphism from Py L™ to (H')*.

Proof. This theorem is called Fefferman’s duality theorem. The proof is rather long and com-
plicated. Interested readers can refer to (9).

O]

As an application, we show that P, L equipped with the weak* topology is separable. We
first state two lemmas.

Lemma 2.26. Let X be a Banach space. Let Y = X* equipped with the weak™ topology. Then
Y* = X.

Proof. See Proposition 1.2 in Chapter 5 of (10).
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Lemma 2.27. Let Y be a locally convex space. A subspace E of Y is dense in'Y iff for any
continuous linear functional f € Y*, flg =0 implies that f = 0.

Proof. See Theorem 3.5 in Chapter 3 of (8).
O

Theorem 2.28. The subspace span(z")p>o is weak™ dense in P L. Consequently, P1 L™ is
separable when it is equipped with the weak™® topology.

Proof. By Theorem 2.25 and Lemma 2.26, we know that (PyL>)* = H'. Since the weak*
topology is always locally convex, we can apply Lemma 2.27. Thus to prove the first part, it
suffices to show that if f € H! satisfies I,(f) = 0 for all g € span(z"),>0, then f = 0. Notice
that for all n > 0,

0= Ln(f) = i [ FO)TTm(6) = [ f2am = fim)

because as 7 1, f(r(+)) converges to f in L' and r(™ converges to (" in L. Since f € H',
its negative Fourier coefficients also vanish. As a result, we have

1
frd, =015 f.

We conclude that f = 0. Lastly, we show that the following countable set can be used to
approximate elements of span(z"),>o in the weak* topology:

= {> (ax +ibr)2" :n € N,aj, € Qb € Q}.
k=0

Indeed, for every nonempty weak™ basic open set U, there are finite collections ( fj)?:l c L',
(hj)§:1 C P, L, and (53‘)?:1 such that

k
U= (g €PrL™: |In,(f;)| <5}
j=1
We need to show that U contains an element of E. We have already shown that span(z"),>o is
weak™ dense. Hence, U contains some polynomial p(z) = 22:0 ¢;z" such that for each j,

I

For each coefficient ¢; of p, choose rationals a;,b; such that d; := a; + ib; and |d; — ¢;| <
min;{e;}

2t max; {[[f;ll,1}

S _ydiz' € E. Then for each j, we have

Hag—n; (P < Ha—p(fi)] + Hp—n; (f5)]
<l [ OGO =PG0Nm(O) + 5

(the case that max;{||f;|| ;1 } = 01is trivial), and define another polynomial ¢(z) :=

.
= [ 13l pidm + 5 (as g~ p € 1)
i

t
N
S/]fj|2\di—ci|dm+23

min;{e;} £j
| £ 1J dm + =
/ J2maXJ{||fJ||L1} 2
2 2
< égj.
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We conclude that ¢ € U.
O

Theorem 2.29 (Riesz Brothers’ Theorem). Let y be a complex valued Borel measure on T such

that for alln > 1,
/ 2"dp =0
T

Then i is absolutely continuous with respect to m and dy = hdm for some h € H'.

Proof. See for instance (3) and (2).
O

Theorem 2.30. For every functional ¢ € (C(T)/C(T)_)*, there exists a unique function g € H*
such that for all [f] € C(T)/C(T)_,
= / fgdm.
-

For each g € H', denote the the integral operator fT(-)gdm by I,. g — I, is then an isomorphism
from H' to (C(T)/C(T)_)*. Consequently, we have

(PLC(T)" = (C(T)/C(T)-)" = H'.
Proof. We first show that I, is well-defined on C(T)/C(T)_. That is, we need to show that

Is(h) = 0 for any h € C(T)—. Since C(T)_ is the closure of span(z"),<o with respect to the
supremum norm, it suffices to show that I,(2") = 0 for n < 0. As we assume that g € H',

1,(") = §(n) = 0.
Again I, € (C(T)/C(T)-)* and ||Iyllc(ry/cmy-—c < llgllpr by Hélder’s inequality. Now for each
¢ € (C(T)/C(T)_)*, define a linear functional ¢ € (C(T))* by

(f) = o((f])-

By the Riesz Representation theorem, there exists a complex measure g such that for all f €

c(m),
/ fdp.
Let 11 be the conjugate of u. For all n < 0, [2" C(T)/C(T)—-. Let’s calculate ©(z").

P(=") = o([z ]) ([ }) =0.

P(z") :/Tz”dM:/Tzndﬁ.

We conclude that the positive Fourier coefficients of i vanish. By Theorem 2.29, dji = gdm for
some g € H'. We conclude that

o((f]) = /T fp = /T Fdp = /T Fodm = /T fgdm = 1,(f).

The map g — I, is thus surjective. Lastly, we claim that it is also injective. If I, = I, for two
functions g1, g2 € H', then for each n € Z,

I, (2") = 1g,(2"),
gi(n) = g2(n).
Since L' functions can be approximated by the arithmetic means of the partial Fourier sums

(see Theorem 1.5), two L! functions are equal a.e. iff they have the same Fourier coefficients.
We conclude that g; = go.

d
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3 Hardy Space on the Hartogs Triangle

3.1 Basic Definitions and Motivations

Definition 3.1. The Hartogs triangle is defined to be the set
H:={(21,22) € C*: |21] < |2a| < 1}.
Its distinguished boundary is the set
dy(H) == {(21,22) € C*: 21| = || = 1},

which can be identified with the torus T2.

Let Q@ C C" be a bounded domain (i.e. open and connected) with a smooth boundary. In
this case, it is easy to define the Hardy space HP(2) and generalize some results in the case
of = D. This is because 92 is still a smooth manifold after a small perturbation. More
specifically, suppose p : C* — R is a smooth defining function such that

Q={z€C":p(z) <0},
0N ={z€C":p(z) =0},
Vp # 0 on 09.

Then according to (11), we can define the Hardy space HP(2) to be the set

(F € B : |flmnioy = sup [ |flPdor. < oo,
e>0 J{p=—¢}
where do, is the Hausdorff measure defined on the boundary of €. := {p = —¢}. This definition
is natural given the definition of H?(D).

What if Q does not have a smooth boundary? What is the natural definition of the Hardy
space in this case? It is mentioned in (12) and (13) that the Hartogs triangle has a non-smooth
boundary and many pathological behaviors, making it a well-known counterexample in several
variable complex analysis. In (1), motivated by obtaining a reproducing kernel Hilbert space
with the desired reproducing kernel, Monguzzi defines the Hardy space H?(H) of the Hartogs
triangle to be

1
{f € Hol(H) : || fll g2(ny := ( sup — |f|2dos < —i—oo} )

s1)€(0,1)x(0,1) 472 Ja, (H.1)
where
Hy = {(z1,22) cC?: |z1] /s < |z2] < t}

and dog is the Hausdorff measured defined on the set dy(Hg) := {(21,22) : |21] = s, |22 = t}.
Let I := {(j, k) € Z?:j >0,k > —j— 1}, which is called the set of allowable indices. Monguzzi
shows that (Z'{Zg)(j’k)e]_“ is an orthonormal basis of H?(H). That is, for any f € H?(H), there
are coefficients (a;)(jr)er such that

lajklliz < oo, f(z1,22) Z a]kzle
(4,k)€T
We can then associate f with a boundary value function bf € L?(dy(H)) defined as
bf(ew7 ew) = Z ajkeijee“’”,
(J:k)er
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which converges absolutely exactly because |a;x|/;z < co. The Hardy space H?(dp(H)) is then
defined as

[e.e]
b
{ > aa]zs  lajelle < oo},
(J;k)el
where the infinite sum converges in the L2 norm. Notice that in this case, the order of summation

is not important because we require the series to converge absolutely.

Monguzzi did not explicitly define HP(dp(H)) for 1 < p < oo in (1). Here’s a natural definition
of HP(dy(H)) given the definition of H?(dy(H)) and HP(T).

Definition 3.2. For 1 < p < o0,

HP(dy(H)) := {f € LP(dy(H)) : f(j,k) =0, (j, k) ¢ T}.

It is easy to see that they are Banach spaces by using the continuity of the Fourier coefficients.

Theorem 3.1. span(z{zlg)(j’k)ep is dense in HP(dy(H)) for 1 < p < oo and H*>(dy(H)) N
C(dp(H)).

Proof. This is the higher dimensional analogue of Theorem 1.5. Again one uses the Fejér kernel
to prove this theorem.
O
Theorem 3.2. For 1 <p < oo, (2{2’5)(]-,@622 is a (symmetric) basis in LP(dy(H)) = LP(T?), in
the sense that for every f € LP(dy(H)), there exists a unique sequence of coefficients (a;i)jx)ez> =
(f(4, k))(j,k)eﬁ such that
f=1lim > f(j k)=,

n—00 -
max(|j|,/k[)<n

where the convergence is in LP for 1 < p < oco.

Proof. See chapter 4 in (7) for the proof of convergence of this series (Grafakos actually uses
induction to prove it for T, where n can be any positive integer).

The uniqueness of coefficients follows from the continuity of the map f — f (7, k) with respect
to the LP norm.
O

Remark. By Theorem 3.2, it is easy to prove for 1 < p < oo, a function f in LP(d,(H)) belongs
to HP(dy(H)) iff
f=lm > fGR)AA

n—oo
(4,k)€T,
max(|j|,|k[)<n

where the series converges in the LP norm. This gives another characterization of HP(dy(H)).

Denote the projection map from L?(dy(H)) to H?(dy(H)) by S , which is called the Szegd
projection. In next section, we will prove that S can be extended to a bounded operator from
LP(dp(H)) to itself for 1 < p < oo.
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3.2 Boundedness of the Szegd Projection

Let m1, mo be the normalized Lebesgue measure on T. Their product m; X ms is the normalized
Lebesgue measure on T2,

Theorem 3.3 (Monguzzi). For 1 < p < oo, S densely defined on L*(dy(H)) N LP(dy(H)) can be
extended to a bounded operator S : LP(dy(H)) — LP(dy(H)).

Proof. We will follow Monguzzi’s proof and elaborate the details. Define two functions mq,ms :
R? — R as follows:

e, n) = ),
1+Sgn(§+77+1)
2

ma(&;n) =

We can then decompose S into several operators:

T f (21, 22) = Z ma (5, k) f (5, k)= 25,

(4,k)€Z?
Taf(z21,22) = Z ma(J, )f( )21227
(j,k)ez2
T3f 21,2’2 Zf 0 k‘
k>0
1
Tif(z1,22) = 5 > fU kA,
§>1,j+k+1=0
3 .
Tsf(21,22) = Zf(oa ~1)z3

For any trignometric polynomial f(z1,22) defined on the torus T2, T} f is well-defined and
Sf=T(Tf)+Tsf +Tuf +T5f.

Therefore, it suffices to show that V1 < ¢ < 5, T; is a bounded operator on LP. Ty is bounded
because

3, 1
75l = ([ 1350, ~DPdmdma);
T2
3.
= 2|f(0,—1
3 —1
=7 o f(z1,22) 25 dmadmy|
3
< < flle,

where the last inequality follows from Holder’s inequality. I will show boundedness of other
operators in the following lemmas.

O
Definition 3.3. Let tg € R%. A bounded function m on R? is called regulated at the point ¢y if

Jim — /tlgs(m(to —t) — m(to))dt = 0.

e—0 62
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Definition 3.4. Let 1 < p < oo and m be a bounded function on R?. It is called an LP
multiplier on R? if the operator

Tonf = F ' (mFf)

is bounded from LP(R?) to LP(R?). If m is a bounded function on Z2, then it is an LP multiplier
on T? if the operator

Tof(erz) = S m(i, k), k)=

(J:k)ez?

is bounded from LP(T?) to LP(T?).

Remark. By using this definition, the boundedness of 71 and T from LP(T?) to LP(T?) is equiv-
alent with the statement that 77 and 75 are LP multipliers.

Lemma 3.4 (Transference of Multipliers). Suppose that m : R? — C is a requlated function at
every point (j, k) € Z? and that m is an LP multiplier on R? for some 1 < p < co. Then the
sequence (m(j, k))jryezz is an LP multiplier on the torus.

Proof. See (7).
O

Lemma 3.5 (Halfplane Multiplier). Let x = (x1,22) € R? and v € R? a nonzero vector. Define
,:RZ =R by
M (&5 1) = sgn((§ — w1,m — x3) - V).
Then (mzu(J, k) (jryezz is an LP multiplier for 1 < p < oo.

Proof. m,, is regulated at every point of the set R> = {(£,n) : (¢ —z1,m—x2) v = 0} because it
is locally constant on this set. Let (§y,1n9) be a point such that (§y — z1,70 — 22) - ¥ = 0 and let
B be a square around it. The portion of B equal to —1 is the same as the portion of B equal
to 1. Thus, the integral over B is zero and m,, is regulated at (o, n0). We conclude that my ,
is regulated everywhere.

By Lemma 3.4, it suffices to show that m,, is an LP multiplier for R%. Let m := m(0,0),(1,0)-
Notice that for any z, v, there exists a rigid motion R : R? — R? defined by R(£,1) = A((€,1) —
b) = A(&,n)— Ab, where A is an orthogonal matrix and b € R? is a vector, such that m, ,, = moR.
We first show that the L” boundedness of my , follows from the L” boundedness of mq ¢y (1,0)-
Let f be a compactly supported C* function on R%. We will use the following properties of
(inverse) Fourier transform:

e P ENE(f)(Em),
= F (A& n),

n) =
n)
o) = EDFL(F) (&),
n) =F 1 (f)(AEn)).

Also recall that the Lebesgue measure (and thus the value of integral) is invariant under rigid
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motions. If we assume that m is an LP multiplier, then we have

FH(mo R)F )|

F 1((mOR) (fo R oR))||Le
FH(m-F(foR™))oR)|r» (define g :=m - F(fo R™))
= |F " (g o R)|Ln

= |F(7"(g 0 A))|l 1o

= [|*™ENF (g o A)| 1o

= [F~(g) o Allr

= 79l

= |F~H(m- F(f o Rl

< |f o R » (since we assume that m is an LP multiplier)

= 1£llz»-

Hfil(mx,u"tf)HLp = |
= |
= |

This calculation shows that m,, is an LP multiplier. Therefore, our goal now is to prove
that m(&,n) = sgn(§) is an LP multiplier. Denote the Hilbert transform on R by H. It is
known that H is a bounded operator from LP(R) — LP(R) (see (7)). For all 21, 2o € R, define
fz(21) = f(21, 22). Denote the one dimensional Fourier transform and inverse Fourier transform
on R by " and V. We can then do a formal calculation by using Fubini’s theorem and the Fourier
inversion theorem:

FHmFf)(&m) //Sgn y1)F £ (1, y2) e @ET) dyy dyy
://Sgn(yl)//f(zl,zQ)e_Zm(zllerZQyQ)dz1dzze%i(ylery?”)dyldyg
RJR RJR
:////sgn(yl)f(zl,22)6_2mzlyle_2mz2y2e%iyl562”iy277dz1d22dy1dy2
RJRJRJR
:///Sgn(yl)/fZQ(Zl)e—szlyldzle—27riz2y2627riy1§e27riy2ndz2dyldy2
RJRJR R
_///Sgn(yl>fz\2(yl)eZﬂizzyg627riy1§€27riy2nd22dy1dy2
RJRJR
:/R/R/Rsgn(yl)]/”;(yl)e%iylgdyle_%iz?y?emeWdzgdyg
= [ [ el Fatwn) (@ 2z,
RJR
B / /(inzz)(i)e2’Tiz2y262“iy2"d2’2dy2 (define s(22) := (iH f2,)(£))

/ / 22 —2Tizoy2 dz €27r7,yg77dy2

= /R 8(y2)e”™ 2 dyy
=(5)"(n)

= s(n)

= (1H fy)(§)-

Notice that in the last part of our calculations, we assume that the Fourier inversion holds for
s. We justify it by showing that both s and § are in the Schwartz class S(R) in the next several
lemmas.
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Lastly, we can show the LP boundedness of m:
7 T Dl = ([ [ 1GH £ agan)?

= ([ Nl

S (Ul

= ([ [[15©ragan?

_ P >
( /R /R (€ m)Pdedn)
= || fllzr(r2)-

D=

3=

Since compactly supported functions are dense in LP(R?) for 1 < p < oo, the above inequality
is true for any f € LP(R?).
O

Before going through the lemmas, let’s first introduce Grafakos’ notation. Let u be any tempered
distribution and f € S(R).

For all n,m > 0, || fllnm = 2" f"™ (2)]| o
(u, f) == u(f),
f@) = (@) = f(—a),
For all £ € R, 7°f(z) := f(z —&).

Lemma 3.6. Fiz £ € R. The maps f — f and f — 75f are continuous endomorphisms on
S(R).

Proof. S(R) is a Fréchet space. Hence, continuity of a function follows from the control of each
seminorm by a finite collection of seminorms. For all n,m > 0,

1 lnm = [l (F)™ ()] o

= (=)™ "™ (=)l 1~
= [la" £ (@) Los
= ||f||n,m’

17 fllnn = 12" (7)) (@) o=
= [|l2"f") (2 = &) =
= [l(z +&)" " (@)||

n

< ()t )l

n
k
k=0
()11

n

k=0

O]

Lemma 3.7. Let f be a smooth compactly supported function defined on R®. Then for each
20 €R,
fz2+hh_ fZQ - (ayf)22
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converges to 0 in S(R) as h goes to 0, where Oy f is the partial derivative of f with respect to
the second variable.

Proof. Let 0, f be the partial derivative of f with respect to the first variable. For each n,m >0
and u € R, by the Mean value theorem, there exists some yy € [22, 22 + h] such that

fzerhh fz2 (8yf)22 (m) (u) — " [(a;nf)ZQ‘i’hh_ (a;:nf)m o (8;718yf)z21| (u)
n[ (0 ), 2o +h) = (07" f)(u,22) o
| = 2 (00,1, )]

= " (90, f) (. yo) — (970, f)(u, ).

Since the function (a,b) — a"(0'0y f)(a,b) is uniformly continuous and the distance between
yo and zo decreases as h — 0, we have

22 —Jz2 n|Jz2 —J22 (m)
1=l oy = o[22 o)) e
= " [(D20, ) (wswo () = (DD ) (w, 22) |11

— 0.

O]

Lemma 3.8. Let f be a smooth compactly supported function defined on R?. For each & €
R, s(z2) = (H[f2,)(&) is also smooth and compactly supported. Thus, s and § are Schwartz
functions, and the Fourier inversion theorem holds for s.

Proof. For zp large enough, f,, = 0. Hence, Hf,, = 0, which implies that s is compactly
supported.

We now show that
s'(22) = (H(9y[f)2)(€)-

If this is true, then the smoothness of s follows from induction (replace f by 9, f in this formula).
By Lemma 3.6 and Lemma 3.7, we have the following convergence in S(R):

Jim 76 () = r4((9))-).
We know that H is given by convolution with a tempered distribution W. We are now ready
to do the following calculation:

i SC2 1) =5 (L))~ ()6
h—0 h  hs0 h

. fzz—‘rh_fZQ
= lim[H(=—=/——+—=
P

)I(E)

f22+h fzz
=1
hl—r>I%)<W g ( h

)

= (W, Jim S (L2tn = o,

= (W, 70y f)=2)
— (H(9,§)-,)(6).
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Lemma 3.9. T and T» are LP multipliers for 1 < p < co.

Proof. For i = 1,2, T; is a sum of two bounded operators.

Tm(o 0),(1,0) f

Tm( 1,0),(1,1)f'

O]

Lemma 3.10 (Line Multiplier). Let x = (z1,72) € R? and v € R? be a nonzero vector. Define
m:R? =R by

mx(g 77): 17 (5—9517"7—@)‘”:0
v 0, Otherwise '

Then (mi(j, k) (jryezz s an LP multiplier for 1 < p < oo.

Proof. We make the following observation:

my (&) =1—mZ,(&n),
ngf = f - Tmac,u (me,uf)7
where T}, , is an LP multiplier by Lemma 3.5.

d

Lemma 3.11 (Halfline Multiplier). Let x = (z1,72) and y = (y1,y2) be two points in R?. Let
v, 9 € R? be two nonzero vectors. Define m : R?> — R by

&) = L, (—zi,m—x2) - v1=0and ({—y1,n—1y2) v2>0
Moo 0, Otherwise ’

Then (mu;, (3, k) (j pyezz s an LP multiplier for 1 < p < co.
Proof. Notice that
(myw,(§;m) +1)

mi(6m) = TSI D g (e ) 4 S (€ (€.1),

1 1

mV1 vy

where ngl , Tm% are LP multipliers by Lemma 3.10, and T, ,, is an L? multipliers by Lemma
3.5.

O
Lemma 3.12. T35 and T are LP multipliers for 1 < p < oo.
Proof. We write these two operators as halfline multipliers:
1
T5f = §T 0.0).00,0) f
™ (1,0),(0,1)
T,f = *T -1,0).(1,0) f-
(1 1),(1,0)
O
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Theorem 3.13. There does not exist any bounded projection from L'(dy(H)) to H'(dy(H)).

Proof. See (6), (14), (15), and chapter 3 of (16).

Theorem 3.14. The following definitions of HP(dy(H)) are equivalent for 1 < p < oo.
1. {f € LP(dy(H)) : f(j,k) = 0,(j. k) ¢ T}
2. {feLP(dp(H)): f= ILm > (ke Fj, k)21 25, which converges in LP}.

max(|j],[k])<n
3. The closure of the span(z{zlg)(j,k)ep in LP(dy(H)).
4. The image of LP(dy(H)) under S.

Remark. This is the analogue of Theorem 2.19.

Proof. 1 = 2 See the remark in section 3.1.
2 = 3 Trivial.

3 = 4 Suppose f is in the closure of the span(z{zf)(j,k)ep such that (fn)n>0 C span(z{zé)(ﬂ)ep
is a sequence that converges to f in LP norm. By Theorem 3.3, S is bounded on LP(dy(H)).
Since we clearly have S f, = f,, taking L? limit on both sides gives:

Sf = S(lim f,) = lim Sf, = lim f, = f.

4 = 1 Suppose g = Sh for some h € LP(dy(H)). By Theorem 3.3, g € LP(dy(H)). We need to
show that g(j,k) = 0 for (j, k) ¢ I'. Consider the series representation of g and h:

_ T(a J .k
h=1lm ) (k)2
max([1,[k)<n

. N j k o _ . . J Lk
Jim > 9, k)z1z3 = g = Sh = lim > h(j, k)z1 2
max(j], k) <n max(|j], [k])<n,
(4,k)eT

Again (2{25)(]-7,{;)622 is a basis by Theorem 3.2, so the uniqueness of the coeflicients in the series
representation implies that §(j, k) = 0 for (j,k) ¢ T. O
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3.3 Duality of Hardy Spaces of the Hartogs Triangle

Theorem 3.15. For every continuous linear functional ¢ € (HP(dp(H)))*, 1 < p < o0, there
exists a unique g € HY (dy(H)), % + ﬁ =1, such that

o(f) = [ [fgd(mi x ma)

T2

for all f € HP(dy(H)). For each g € H?, denote the integral operator J2(-)gd(my x ma) by I,
then the map I : g I, gives an isomorphism between HP (dy(H)) and (HP(dy(H)))*.

Proof. By the Hahn-Banach theorem, ¢ € (HP(d,(H)))* can be extended to a linear functional
® € (LP(dy(H)))*. By the duality (LP(dy(H)))* = L¥ (dy(H)), there exists an L? (dy(H)) function
g such that

for all f € HP(dy(H)),o(f) = /T2 fgd(mq x ma).

We taken a sequence (gn)n>0 C L2(dy(H)) N LP (dy(H)) that converges to g in L” (dy(H)). Then
for a fixed f € span(z{z%)(j,k)ep C H%(dy(H)) N HP(dy(H)), we can use the self-adjoint property
of S on L%(dy(H)) to show that

o) = [ (Sadm x ma) =1im [ (S Pigzd(ms x mo).
o) =tim | FSgud(ms x o)

o(F) = | 1Sad(m x o),

where the last equality follows from the continuity of S on L¥ (dy(H)). Lastly, for an arbitrary
f € HP(dp(H)), we can find a sequence (fy)n>0 C span(z{zé“)(j’k)ep that converges to f in LP
norm. Then,

¢(f) = lim¢(fn) = lim /_I_2 fn?gd(ml X m2) = /rZ fSigd(ml X mg).

This convergence follows from the p’-integrability of S¢g and Holder’s inequality.

Now we prove the second part. We have already shown that I is surjective, and the boundedness
of I follows easily from Holder’s inequality. It remains to show that I is injective. Suppose
I, = I, for two functions g,h € HP'(dy(H)). Then I,(2]25) = I;,(2]25) for any (j,k) € I'. By
using the fact that (2{2’5)(j,k)ez2 is a basis for L¥ (d(H)), we have

Ig(z{zg) = /1_2 z{zé@d(ml X mg) = /1‘2 z{zéﬁﬁd(ml X mg) = Ih(z{zé;),

g0, k) = h(j k),
g=lm Y GRS = lim Y h(k)AS =h

o0 - n—oo -
max(|j],|k[)<n, max(|j|,|k])<n,

(4,k)er (4,k)er

Definition 3.5. Define
o SL>®(dy(H)) = {f : there exists g € L*>(dy(H)) such that f = Sg}.
o H®(dy(H)) = {f € L®(dy(H)) : for all (j, k) € T, f(j, k) = 0}.
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If g € SL*>(dy(H)), then
19llsLee = nf{|[h[| Lo : Sh = g}.

Lemma 3.16. We have the following isomorphism:
SL>(dy(H)) = L>=(dp(H))/H> (db(H)).

Proof. By Lemma 2.23, it suffices to show that H>°(dy(H)) = ker S N L*>(dy(H)) . For any
f € L*°(dy(H)), f € L*(dy(H)). Hence,

o Bk
Sf=lim Y fk)=z,
max(|j], k) <n,

(4,k)er

where the series converges in L2. Therefore, Sf = 0 iff f(j,k) = 0 for all (j, k) € .
O

Theorem 3.17. For every functional ¢ € (H'(dy(H)))*, there ewists a unique coset [g] €
L>®(dy(H))/H>®(dy(H)) such that for all f € H'(dy(H)),

o(f) = [ fgd(mi x my).

T2

For each g € L*(dy(H)), denote the the integral operator [12(-)gd(mi x mg) by Iy. [g] — I, is
then an isomorphism from L>(dy(H))/H>(dy(H)) to (H'(dp(H)))*. Thus, we have

SL¥(dyp(H)) = L (dy(H))/H>(dy(H)) 2= (H' (dp(H)))".

Proof. To show that the map [g] — I, is well-defined, we need to show that for every element
h € H>®(dy(H)), I, is the zero functional. For each (j,k) € I,

In(2125) = h(j,k) =0

by definition. As span(z{ Zé;)(j’k)er is dense in H' by Theorem 3.1, I}, is indeed the zero func-
tional.

I, € (H'(dp(H)))* and [ Ig]l e < 9]l poe(dy(H)) /12 (dy (hy) by Holder’s inequality. The map
[g] = I is surjective by the Hahn-Banach theorem. We also need to show that it is injective.
Suppose g1 and gz are two functions in L*°(dy(H)) such that I, = I,,. Then, for each (j, k) € T',
Iy, (2{25) = 92(2{25)7
k

Ig—go(2122) = 0,

g1 —92(j,k) = 0.

This implies that g1 — go € H>. Hence, [g1] = [g2].
U

Remark. Tt would be desirable to also prove the analogue of Theorem 2.30, but it is not clear
how one should generalize the Riesz Brothers’ Theorem to higher dimensions, which can be a
potential research topic for the future.
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