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1 Introduction

Starting with a matroid M, one can construct various algebraic objects possessing useful properties
that can be used to answer purely combinatorial questions. Ardila and Klivans give one such example
of an object in [ ]. Given a loopless matroid M, they define a fan Xy, called the Bergman fan of
M whose Chow ring Ay leads to many interesting combinatorial results | ]. Most notably, Chow
rings of Bergman fan of matroids are used in Adiprasito’s, Huh’s, and Katz’s proof of the Heron-Rota-
Welsh conjecture which asserts the absolute values of the characteristic polynomial of any matroid are
log-concave | ]. Ardila, Denham, and Huh give another interesting class of fans in | ].
Given a loopless and coloopless M, they define a fan ¥, 5,1, called the conormal fan of M, and they
use its Chow ring Ay a1 to prove the log concavity of the h-vector of the broken circuit complex.

A lot remains unknown about Chow rings of conormal fans relative to Chow rings of Bergman fans.
Our main point of comparison will be the Hilbert-Poincaré series of the Chow rings of these two classes
of fans. For a graded ring R, let Hg(t) denote its Hilbert-Poincaré series over Z. The main result of
[ ] about the validity of the “Kéhler” package for the Chow ring Aps of the Bergman fan Xy,
directly implies that the coefficients of H4,, (t) are palindromic and form a unimodal sequence [ ,
p. 12-13]. Ferroni, Matherne, Stevens and Vecchi in | ] further investigate the Hilbert-Poincaré
series of the Chow ring of Bergman fans with the goal of studying the following conjecture:

Conjecture 1.1. (] , Conjecture 8.18]) The Hilbert-Poincaré series Ha,,(t) of the Chow ring
Ay is real-rooted for any loopless matroid M.

In particular, they prove that Hy,, (t) is y-positive for any loopless matroid M | , Theorem
3.25]. For the definition of «-positivity, we refer the reader to Section 2. In addition, they prove the
following general formula for Hg,, (), when M is an arbitrary loopless matroid, in terms of chains of
flats of M:

Proposition 1.2. (] , Proposition 3.15]) For an arbitrary loopless matroid M,

m _ trank(Fi)—rank(Fi_l)—l)

Ha,, (t) = Z H t(l 1—1¢

PD=FyCF1C--CFy, i=1

Here, the sum is taken over all the nonempty chains of flats of M starting at the empty set, i.e.,
0 =Fy C F €+ C Fy,. This formula is a direct consequence of the explicit Grobner basis for the
Chow ring of Bergman fans provided by Feichtner and Yuzvinsky in [ ]. In addition, when M is a
loopless uniform matroid of size n and rank r, Ferroni, Matherne, Stevens and Vecchi prove an explicit
formula for Hy,, (t):



Proposition 1.3. (] , Theorem 3.25]) For a loopless uniform matroid M of size n and rank r,

r—1
HAM (t) = Z (n> dj(t)(]. +t4 -+ tT—l—j)
i=o

where d;(z) denotes the j-th derangement polynomial.

Brandén and Vecchi further prove that Ha,, (t) is real-rooted when M is uniform in [ , Theorem
3.1].

In contrast, there has been no discussion about the palindromicity, unimodality, y-positivity or real-
rootedness of the Hilbert-Poincaré series of conormal fans in the literature yet, nor has there been
explicit computations of of this series for any special families of matroids. In this paper, we aim to fill
this vacuum by partially answering the following question:

Question 1.4. Is the Hilbert-Poincaré series Hs  (t) of a loopless and coloopless matroid M
palindromic, real-rooted, «-positive or unimodal? And can we compute it explicitly for special families
of matroids?

In particular, as our main result, we show that the conormal Chow ring Aj; /. is isomorphic to a
tensor product of Chow rings Ay, Apre.

Proposition 1.5. Let M be a loopless and coloopless uniform matroid. Then we have

AM,ML = AM ®Z AML.

As a direct corollary of Proposition 1.5, we get that the Hilbert-Poincaré series H Ayt (t) is a product
of the Hilbert-Poincaré series of Aps, Apso. ‘

Corollary 1.6. If M is a loopless uniform matroid, then

HAMﬁML (t) = HAZ\/I (t)HAML (t)

Combining Corollary 1.6 with Proposition 1.3, we get the following explicit formula for the Hilbert-
Poincaré series Ha  , (t) when M is uniform:

Proposition 1.7. Let M be a uniform matroid of size n and rank r. Then

r—1 n—r—1

n ; n -
Ha, o =1>0 ( .)dj(t)(l Ft T > ( .)dj(t)(l R SRR Lot
: —\j — \j
j j
In addition, by combining 1.6 with Theorem 3.1 in | |, we get the following proposition about the

real-rootedness, y-positivity and unimodality of Hs . (f):

Proposition 1.8. Let M be a uniform matroid. Then Hy | (t) is real-rooted, ~y-positive, and
unitmodal. 7

The conormal Chow ring A/ 5o of a matroid M is defined in terms of the biflats, bichains and biflags
of M. These three notions are analogues of the notions of flats, chains and flags of M, respectively,
and will be defined (together with conormal Chow rings) later in Section 2. In Proposition 3.1 and
3.3, we prove two important properties about the structure of biflats, bichains and biflags of a uniform
matroid M. These two propositions are crucial for our proof of Proposition 1.5. In fact, in section 5,



we discuss how if any matroid M satisfies the statements of Proposition 3.1 and Proposition 3.3, then
it also satisfies the statement of Propositon 1.5. On the other hand, in Proposition 5.1 and Proposition
5.4, we prove that if a matroid M satisfies the statement of Proposition 3.1 or Proposition 3.3, then
M must be uniform. We refrain from stating the precise statments of Proposition 3.1 and Proposition
3.3 for now, and postpone it to Section 3.

The outline of the paper is as follows: In Section 2, we review the definitions of Bergman and conormal
fans and their Chow rings as well as the definitions of palindromicity, unimodality, and 7-positivity.
We also define derangement polynomials and give a sketch of the proof of the derangement polynomial
formula for the Hilbert-Poincaré series of Chow rings of uniform matroids (Proposition 1.3) described
in [ ]. In Section 3, we prove Proposition 3.1 and 3.3. In Section 4, we prove Proposition
1.5, Corollary 1.6, Proposition 1.7, and Proposition 1.8. In Section 5, we prove Proposition 5.1 and
Proposition 5.4. In Section 6, we discuss potential further research questions.

2 Background

2.1 Bergman and Conormal Fans and their Chow Rings

We now define Bergman and conormal fans of arbitrary matroids and their respective Chow rings. We
rely on definitions of the fans given in | ], and the definitions of the Chow rings given in | ]
and | ]. For the remainder of this section, let M = (E,Fjs) be a loopless matroid with a ground
set F and a set of flats Fp;. Recall that we can define a poset structure on Fj; by letting F' < F’
whenever F' C F’ for any two flats F, F’ € Fps. Let M+ = (E,F;1) be the dual matroid of M. Let
U” denote the uniform matroid of rank r with ground set {1,2,...,n}, and recall that the dual of U},
is the uniform matroid U}’ ~".

The Bergman fan X, of the matroid M is the simplicial fan inside the tropical projective space Ng

whose cones corresponds to flags of flats of M.

Definition 2.1. Given a ground set E, the tropical projective space Ng is the (n — 1)-dimensional
real vector space

RE/ReE, ern :Zei
i€E
where e; denotes the i-th standard basis vector of RE.

The support of the Bergman fan X, is tropical linear space trop(M) of M.

Definition 2.2. The tropical linear space of a matroid M is defined to be

trop(M) :={z € Ng : I_niél z; is achieved at least twice for every circuit C' of M} C Ng.
1€

The Bergman fan X,/ is a subdivision of trop(M) defined in the following way:
Definition 2.3. The Bergman fan ¥,; of the matroid M is the simplicial fan in Ng whose support
is trop(M) and whose cones are

oF = cone(ep)per, for any flag of flats F of M

where a flag of flats F is any subset {F1, ..., ), } of the set of flats F s such that Fy < Fy < -+ < Fy,.

-

Definition 2.4. The Chow ring of the matroid M is the graded ring
AM = SM/(IM + JM)

where



o Sy i=Zzp: F € Fy\{0, E}],

o Iy :=(xpaxp :xp,xp € Fpr\{0, E} are incomparable),

Yi = ZJEF.

F>i

o Jy = (vi—",:1%,j € E) where

The Hilbert-Poincaré series Ha,, (t) of M is sometimes referred to as the Chow polynomial of M.
Example 2.5. We compute the Chow ring Ajs of the uniform matroid M = U?. We first compute
each one of Sy, Ins, Jy individually. We have Fiy = {0,1,2,3,4, E}, so we get

Sm = Z[x1, w2, T3, 24].

In addition, all pairs of nonempty proper flats of M are incomparable, so I, is generated by monomials
z;x; where i,j € {1,2,3,4}. Lastly, for any ¢ € E, we have

Z Tp = Tj.
F>i
This implies that J is generated by monomials x; — z; for all ¢,j € {1,2,3,4}. Thus,
Anr = Sur /(I + Jar) = Z[1]/ (a7).
Hence, Ha,,(t) =1+ t.

Now we describe conormal fans and their Chow rings. For the remainder of the section, assume that
M is a loopless and coloopless matroid. The conormal fan of the matroid M is the simplicial fan inside
Ng x Ng whose support is trop(M) x trop(M+) and whose cones corresponds biflags of biflats.

Definition 2.6. A biflat F|G consists of a flat F' € Fj; and a dual flat G € F ;. such that both are
nonempty, at least one of them is proper and,

FUG=E.

The set of biflats of M is denoted as BF; 5,0. We endow the set of biflats of a matroid with the
structure of a poset by defining F|G < F'|G’ if and only if F C F' and G 2 G’. A chain of the form
|Gy < -+ < F,|G,, where all F;|G;’s are distinct is called a bichain of M. An important class of
bichains is given in the following definition:

Definition 2.7. A bichain F|G = F1|G; < -+ < F,|G,, of M is called a biflag if and only if we have
U FnG#E.
F|GeF|G
Example 2.8. Let M = UZ. The set of biflats of M is given by
BF v = {1|E,2|E,3|E,4|E,E|1,E|2,E|3, E|4}

The set of bichains of M consists of 1-element bichains F'|G where F|G € BFy; p;1 as well as the
collection of 2-element bichains F|E < E|G where F € Fy/\{0, E} and G € Fy;.\{0, E}. One can
verify that each of these bichains is also a biflag of M, so the set of bichains and biflags of M is equal.

For any subset S C E, define the vectors es and fs to be the image of ), ge; in the first and the
second copy of Ng, respectively. For two subsets S,T" C E, define eg|p to be the vector (eg,fr) in
NE X NE



Definition 2.9. The conormal fan of M, denoted ¥y a1, is the simplicial fan in Ng x Ng whose
support is trop(M) x trop(M+), and whose cones are given by

or|g = cone{er|q}riaer|g, for any biflag of biflats F|G.

Remark 2.10. The definition of the tropical linear space trop(M) reveals why we require our matroid
M to be a loopless and coloopless. If M contains a loop a, then {a} is a circuit and hence

trop(M) C {z € Ng : min z; is achieved at least twice} = 0.

ief{a
Similarly, we get trop(M=*) = () if M has a coloop.
Definition 2.11. The conormal Chow ring of M is the graded ring

Anpve = Sy /e + Jnaat)

where

L] SM,MJ- = Z[.’l?plG : F|G S BFM,MJ-L

o Iy ae = (wr)g : F|G is a subset of BF ;5,1 that is not a biflag) where zrg is a monomial
defined by
TFrig ‘= H TR|GH
F|GeF|G

o Jymr = (vi—7 4,7 € E)+ ¥, —7;:14,j € E) where v;,7,; are linear functions defined by

Vi = Z TriG, = Z TF|G-

F3i,F£E G3i,G£E
Example 2.12. Let M = U?. Based on Example 2.8, we get
Symt = LTy B, T2\B, 3B, T4 B> TE|1, TE|2> TE|3; TE|4]
In addition, since every bichain of M is a biflag, then one can check that
I e = (@gpzjp i,J € Ei # j) +(vpxp); 0,5 € E,i # j).

Finally, for any i € E,

Vi = § TR|G = T4|E, Yi = § TE|G = TE|i-
F>i,F#E G3i,G#E

Thus,
Jvmr = (Tp —25p:0,J € E) + (g —2p); 1 i, j € E).

Now, it is straightforward to check that
Anrarr = Sar /(e + Inge) = Zlay g, wppl/ (@3 g, 05

Hence, Hy, (1) =1+2t+ t2.



2.2 Unimodality, 7-Positivity and Real-Rootedness

We define three conditions on polynomials that are relevant for our study of the Hilbert-Poincaré
series Hy . (t) and Ha,, (t), namely unimodality, y-positivity and real-rootedness. A polynomial
f(z) € R[z] is said to be real-rooted if all of its roots are real. As it is usually hard to prove that a

polynomial has only real roots, it is useful to consider proving the unimodality and ~-positivity of a
polynomial first.

Definition 2.13. A polynomial f(z) = a,a™ + -+ + ap is said to be wunimodal if its coefficients
form a unimodal sequence, i.e., there exists some 0 < ¢t < n such that a9 < a1 < -+ < a¢ and
Ay 2 Qg1 =+ 2 Q.

While the notion of unimodality applies to any polynomial, the concept of y-positivity only applies to

symmetric polynomials.

Definition 2.14. A polynomial f(z) =), a;x' is said to be symmetric with center of symmetry d/2
if there exists a d € Z such that a; = aq_; for all i € Z. This condition is equivalent to the existence
of a d € Z such that z¢f(x~1) = f(x). If d = deg(f), then we call f(x) palindromic.
Symmetric polynomials can be expressed in different bases. For example, the set {x%(1 + ac)d_m}ié
forms a basis for the space of all symmetric polynomials with center of symmetry %. This is guaranteed
by the following proposition whose proof can be found in | |:

Proposition 2.15. If f(z) is a symmetric polynomial with center of symmetry %, then there exist
mtegers Yo, ..., V4 such that

L)
Fla) =3 (14 )2, )
i=0
Definition 2.16. For a symmetric polynomial f(x) with center of symmetry %, define o, ..., 7| a/2| as
in (1). We define the v-polynomial associated to f by
5]
v(f,z) = Z’yia:’.
i=0

If f(z) is palindromic, we say that f(x) is y-positive if all the coefficients of v(f, ) are nonnegative.

Example 2.17. Consider the palindromic f(r) = 1+37x+722%+3723+2* with center of of symmetry
d/2 = 2. Tt is immediate that f(z) is unimodal. To check y-positivity, we express f(z) in the basis

24 (1 4 x)32% ij ={(1+2)* z(1 4+ z)2, 2%} in the following way:
{2i(1 + )"} 15 g
f(@) =1 +2)*+332(1 + 2)? + 022

Hence, v(f,z) =1+ 33z, and f(z) is y-positive.

Unimodality and v-positivity are weaker condition on a polynomial than real-rootedness. More pre-
cisely, we have the following chain of implications whose proofs can be found in | ] and | ]

Proposition 2.18. Let f(x) be a symmetric polynomial with nonnegative coefficients. Then
f(z) is real-rooted = f(x) is y-positive => f(z) is unimodal.

Example 2.19. The palindromic polynomial g(z) = 1 + 5z + 622 + 52 + z* is unimodal, but it is
not vy-positive since v(g,z) = 1+ o — 2. The palindromic polynomial h(z) = 1 + 4z + 622 + 423 + 2*



is y-positive since y(h,x) = 1, but it is not real-rooted as all its roots are not real. The palindromic
y-positive polynomial f(x) = 1+ 37z + 7222 + 3723 + 2* from Example 2.17 is real-rooted with roots
1.1 2 —35—/1221

v _35—y/1221° 2 ’

2.3 Derangement Polynomials and The Hilbert-Poincaré series of Chow
Rings of Uniform Matroids

We define derangement polynomials and sketch the proof provided in | ] of Proposition 1.3 which
provides an explicit formula involving derangement polynomials for the Hilbert-Poincaré series H 4,, (t)
when M is uniform. For the full proof, we refer the reader to | ]

We say that a permutation o € S,, on {1,2,...,n} is a derangement if o () # ¢ for all i. We denote the
set of all derangements of S,, as ©,,. We define the n-th derangement polynomial d,(x) for n > 1 as

dn(x) == Z xexe(@)

oED,
where exc(o) := |{i € {1,2,...,n} : 0; > i}| denotes the excedances of o. The first few values of d,,(z)
are as follows:
1 forn=0
0 forn=1
x forn =2
dn(z) = >+ forn=3
3+ T2+ forn=4
ot 4212 + 2122+ forn=5

We note here that dy(z) = 1 by convention. For a summary of the properties of derangement polynomi-

als, we refer the reader to | ]. We replicate the statement of Proposition 1.3 here for convenience.
Proposition 2.20. | , Theorem 3.25] For a loopless uniform matroid M of size n and rank r,
r—1 n
Ha, (t) =) (j)dj(t)(l Ft T,
§=0

where d;(z) denotes the j-th derangement polynomial.
Proof. (Sketch) The first step of the proof is to let M = U* and to prove that derangement polynomials
satisfy the following equality:

xrank(Fi)frank(Fi, 1)71)

AT DN | fi

0=FyCF G- CF,=Ei=1

Here, the sum is taken over all the nonempty chains of flats of M starting at the empty set and ending
at E,ie.,0=FyC F, C---CF,, = E. The way this equality is proved is by showing the right-hand
side of the equality (which we denote as 9,,(x)) satisfies the recurrence

n—2

W(z) = Y 0(x) (@ +a?+ o a2,
7=0



which by [ | implies that d,,(z) = d,(z) for n > 1. For the next step of the proof, assume
M = U,. By Proposition 1.2,

m t(l _ trank(Fi)frank(F,;_l)fl)

Hay,, (t) = Z H 1_¢

By considering which chains of flats end in E or not, and by using the first step, we can rearrange the
sum on the right in the following way:

Han () = i d;(t) + z_: T i
=0 ,

1—t
=0
r—1 P
B t(1 =t
=30 (14055
7=0

r—1
= Zdj(t)(l +t+---+ tr_l_j).
j=0

3 Structure of Biflats and Bichains of Uniform Matroids

We prove two useful facts for our computation of the conormal Chow ring A, ps. when M is uniform
in Section 4. In Proposition 3.1, we compute the biflats of the uniform matroid. In Proposition 3.3,
we show that every bichain of the uniform matroid is a biflag. Recall the flats of the uniform matroid
M = U] are given by set the {A C F: |A|<r—1}U{E}.

Proposition 3.1. Let M = U}, be the uniform matroid of rank r with ground set E = {1,...,n}. Then
BF )y yr ={F|E:F e Fy\{0,E}}U{E|G:G e Fy.\{0,E}}.
FEquivalently,
BFy . ={FIE:FCEand1<|F|<r—-1}U{E|G:GCE and 1 < |G| <n—r—1}.
Proof. We first prove the reverse inclusion. The dual of U is U ™", hence
Fy, ={FCE:|F|[<r—-1}U{E}and Fn—r ={GC E: |G| <n—r—-1}U{E}

Thus, any F|E in {F|E: F C Fand 1 < |F| <r — 1} is a biflat. Similarly, any F|G in {E|G : G C
E and 1 < |G| <n—r—1} is also a biflat, so the reverse inclusion holds.

For the forward inclusion, let F|G € BF y; p/. Then,

Fe{ACFE:|Al<r—1}U{E}and Ge{ACE:|A<n—-r—-1}U{E}.

We know that at least one of F or G is proper. Without loss of generality, assume that F # E
so that |F| < r — 1. We claim that G = E. Towards a contradiction, assume otherwise. Then,
Ge{ACE:|A <n—-r—1},andso |G| < n—r—1. By assumption, FUG = E, so |F|+|G| > |E| = n.
On the other hand,

|IF|+|G|<(r—1)4+n—-r—1)=n—-2<n.



which is a contradiction. Therefore, G = E, and so

FIGeE{F|IE:FCFEand1<|F|<r—1}.

If we assume that G # F, then with similar reasoning, we can show that

FIGe{E|A:ACFand1<|A|<n—r—1}.

Lemma 3.2. Let F|G be bichain of the uniform matroid M = U. Then
FIG=FR|E<F|E<..-<F; 41]E<E|G; <E|Gjt1 <--- < E|G,.

Proof. Let F|G = F1|G1 < --- F,|G,, be a bichain of M. By Proposition 3.1, any F;|G; has the form
F,|E or E|G;. Suppose first that G; = E for each i. Then, F|G = F1|E < --- < F,|E, giving us the
claim when j = n+ 1. Otherwise, assume that there is some j such that G; # E, and assume that j is
the smallest such index. If j = 1, then G; # E for each i since G; 2 G2 2 --- O G,,. By Proposition 3.1,
this forces F; = E for each 4, and so F|G = E|G; < --- < E|G,, giving us the third case. Otherwise,

assume that j > 1. By the minimality assumption on j, we know that G; = --- = Gj_1 = E. In
addition, we get that G;,Gj41,..., Gy are all not equal to F since G; 2 Gjy1 2 -+ 2 G,. Thus,
F; =F;1 1 =---=F, = E by Proposition 3.1. In total,

FIG=F|E<---<F; 41|[E<E|G; <--- <E|G,.

Proposition 3.3. FEvery bichain of the uniform matroid M = U], is a biflag.

Proof. Let F|G be a bichain of M. By Lemma 3.2, we get
FIG=F|E<R|E< - < F,_i|E<E|G; < E|Gj41 <+ < E|Gy.

Suppose first 1 < j < n. By Proposition 34, |F;| <r—1foralll1<i<j—1 and |Gj| <n—7r—1
for all j <i < n. We know that F; C Fy C --- C F;_;. This implies that

U FnE=F_.1nE,
1<i<j—1

and hence,
| |J FBnE|=|F.nE|<r-1L

1<i<a
Since Gj 2 Gj41 2 -+ 2 Gy, then with similar reasoning, we have

| J ENGi|=|ENGy| <n—r—1.
j<i<n
In total,
I J FnGi<| | EnE+| |J EnG
F|GeF|G 1<i<a 1<i<b

<@r—-1)+(n—-r—-1)=n-2<n.



Thus,
U FnG+#E,

F|GeF|G

showing that F|G is a biflag. If j = 0, then we can follow a similar argument to the above case to
conclude

| U FnGl=|F.nE<r—1<n.

F|GeF|G

Similarly, if j = n + 1, then we can conclude that

| U FNG=|GiNE<n—r—-1<n.
F|GeF|G

In both cases, we get

U FnG#E.

F|GEF|G

4 The Conormal Chow Ring for Uniform Matroids

We express the conormal Chow ring A/ 51 of a loopless and coloopless uniform matroid M as a tensor
product of the Chow rings Ay and A,;1 of M and M+, respectively (Proposition 1.5). The definition
of Aps a1 includes three components, namely Sys e, Iasart, Jar,at» as defined in Definition 2.11. In
Lemma 4.2, we express Sy ps1 as a tensor product of two polynomials rings, S and Sy with 57 = Sys
and Sy = Sp,1. In Lemma 4.3, we express Ips o as a sum of ideal extensions (I7)¢ 4 (I2)¢ where
Iy = Iy and I = Ip;o. Similarly, in Lemma 4.4, we express Jy; )1 as a sum of ideal extensions
(J1)€ + (J2)€ where J; = Jyy and Jy = Jy1. By substituting the isomorphisms in these three lemmas
to Lemma 4.1, we deduce Proposition 1.5. Crucially, in our computation of Iy, p,1, we use the fact
that all bichains of a uniform matroid are biflags (Lemma 3.3) to deduce that is is a Stanley-Reisner
ideal. This allows us to find the generators of I, ;1 by finding incomparable biflats of M.

Lemma 4.1. Let k be commutative ring. For commutative k-algebras R, S and ideals I C R, J C S,
we have

(R S)/(I¢+J°) = R/I® S/J

where 1° denotes the extension of I along R — R ®y S, and similarly for J€.

Proof. We have a natural homomorphism R ®j, S 2, R/I ®), S/J that sends  ® y — [z] ®p [y] where
[x] denotes the equivalence class of z in R/I and similarly for [y]. This map is surjective since for any
pure tensor [x] ® [y] in R/I Q@ S/J, ¢(x @k y) = [x] @k [y], and so surjectivity holds for any arbitrary
element of R/I ®; S/J. The isomorphism thus follows from that the fact that ker(¢) = I¢+ J¢. O

Lemma 4.2. Let M = U], be the uniform matroid, and let Sy = Zlxpp : F € Fy\{0,E}] and
Sy = Z[xE‘F :F e FML\{(Z),E}] Then

Symr =51 ®z 5.
Proof. This immediately follows from our result in Proposition 3.1 that

BF, y:={FIE:FCFEand1<|F|<r—-1}U{E|G:GC FEand1<|G|<n—r—1}
Z{F|EFEFM\{Q),E}}U{E|GGEFML\{@,E}}

10



Lemma 4.3. Let M = U], and suppose that S1 and So are defined as in the statement of Lemma
4.2. In Sy, define Iy as the ideal generated by xp\prp|p where F,F' € Fy\{0, E} are incompara-
ble. Similarly, in Sz, define I as the ideal generated by g crg e where G,G' € Fy\{0,E} are
incomparable. Then

Ing e = (I)° + (I2)°
where (I;)¢ denotes the extension of I; along the inclusion map S; — S1 ®z Sa for i =1,2.
Proof. We proved in Proposition 3.3 that every bichain of M is a biflag, so I/, is generated by
x r|g where F|G is not a bichain. Thus, Iy 51 is equal to a Stanley-Resiner ideal /o where A is the
simplicial complex where the vertices are biflats of M and the faces are bichains of M, and so I psx
is generated by xpgrp|e where F|G, F'|G" are incomparable biflats. We examine which biflats of
M are incomparable. If F|G,F’|G" € BF ; ps1 are not comparable, then we have two possible cases:
The first case is F|G = F|E and F'|G’ = F'|E, and the second case is F|G = E|G and F'|G’' = E|G.
Therefore,

Inpare =11+ I

where I7 is the ideal in Sy 51 generated by xp|pxpp where F', F € Fy\{0), E} are incomparable,
and I is the ideal in Sy pro generated by zpjgrg|gr where G,G' € Fp . \{0, E} are incomparable.
It is quick to verify that

(=1, () =15

where the extension is along the inclusion maps S1 — Sys a1, 52 — S+ and so we have
Ingpare = (1) + (I2)°.
O

Lemma 4.4. Let M = U], and suppose that S1 and Sy are defined as in the statement of Lemma 4.2.
In S1, define Ji as the ideal generated by v; — ~y; for any i,j € E. Similarly, in So, define Jo as the
ideal generated by 7y, —7; for any i,j € E. Then

T = (J1)° + (J2)°
where (J;)¢ denotes the extension of J; along the inclusion map S; — S1 ®z Sz fori=1,2.

Proof. We have that
I =J1+J5

where J] is the ideal generated by v; —y; for any ¢,j € E and J; is the ideal generated by 7, — 7; for
any i,j € F. It is quick to verify that

(J1)¢ = J1, (J2)° = J;
where the extension is along the inclusion maps S; — Sp; a1, S2 — Sy are. Thus,

Iy = (J1)°+ (J2)°

Proposition 4.5 (Proposition 1.5). For M = U, we have

Apvrr = Ay ®z Apge.
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Proof. We have
Apnrar = Sy /(g + Jnaae)

where the definition of Sy pyo, Iy pre, Jpp a2 is given in Definition 2.11. Define S, Ss, Iy, I, Ji, J2
as in the statements of Lemmas 4.2, 4.3 and 4.4. By these three lemmas, we get

Apnpavre = St /Ungae + Ianes)
= (51 ®2 52)/((1)° + (12) + (1) + (J2)°)
> (S, ®z 52)/((I1+ J1)¢ + (T2 + J2)°)
(S1/5 + J1) @z (S2/ (11 + J2))

Il

where the last isomorphism holds by Lemma 4.1. Now, one can verify, through the isomorphism
Tp|E — Tr, that
Si/(Ii +J1) =2 Sy /(U + Ju) = A

Similarly, through the isomorphism x| — ¥, one can verify that

Sg/(]g +J2) = SML/(IML +JML) :AML.

In total, we get
Apr = (S1/I+ 1) @z (Se/ (I + J2)) = Ap ®z Apge

Corollary 4.6 (Proposition 1.6). Let M = U}. Then,

Hy (t) = Ha, (t)Ha,, (1)

M,ML

Proof. By Proposition 4.5, we get Ap a1 = Ay ®z Aprr. Thus, the claim follows from the multi-
plicative property of Hilbert-Poincaré series over tensor products. O

Proposition 4.7 (Proposition 1.7). Let M = U!. Then we have

r—1 n—r—1
n , n ,
Haypoe (= (D < .)dj(t><1 LIl I I ( ‘)dj(t)u it T
' —o \J — J
7=0 7=0
Proof. This follows immediately from Corollary 4.6 and Proposition 1.3. O

Proposition 4.8 (Proposition 1.8). Let M = Uy. Then, Ha,, is real-rooted, vy-positive, and
unimodal. ’

Proof. The Hilbert-Poincaré series Ha (t) is real-rooted since Ha  , (t) = Ha, (t)Ha ,, (t) by
Corollary 4.6, and by Proposition [ ], each one of Ha,,(t), Ha,  (t) is real-rooted. Moreover,
Hy,, .. (t) is palindromic since it is the product of two palindromic polynomials Ha,,(t), Ha,,, (1),

and hence, Hs . (t) is y-positive and unimodal. O

In the table below, we compute Ha () for M = U} where 1 <7 <n—1andr =2,3,..,7. We
note that when M is uniform, by Corollary 4.6,

HAM,ML (t) = HAM (t)HAML (t) = HAML (t)HA(JuL)L (t) = HAJMJ:(ML)L (t)

Hence the value of the Hilbert-Poincare series of the conormal Chow ring of a matroid M and its dual
M+ is the same when M is uniform. This fact is highlighted in the left column of the table.
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Table 1: Examples of H4,,(t) for some uniform matroids M.

M Hy, .. (1)

Ul 1
Us, U2 1+t
U, U; 1+ 7t + 2

Uz 142t +¢2
Ul Ul 1+ 21t + 2182 + ¢
Uz, U3 1+ 12t + 1262 + 3
UL, ug 1+ 51t + 162 + 513 + ¢
U3, Us 1+ 37t + 7262 + 3783 + 2

Ug 1+ 32t + 258t + 32¢3 + ¢4
UFUS | 1+ 113t + 813t% + 813t3 + 113t* + ©
U2,U2 | 1+ 93t + 4292 + 429> + 93t* +1°
U3,UF | 1+ 79t + 1312¢% + 131263 + 79t + ©

5 Uniqueness of the Uniform Case Method

The proof of Proposition 1.5 crucially relies on Propositions 3.1 and 3.3, so one might hope if the latter
two propositions holds true in the case of any other matroids. Namely, we would like to investigate if
there are any non-uniform matroids M such that

BF )y ={F|E: F e Fy\{0, E}} U{E|G: G € Fp \{0, E}},

or if there any non-uniform matroids M such that every bichain is a biflag. If a matroid M exists such
that these two properties are satisfied, then one can imitate the proofs of Lemmas 4.2, 4.3, 4.4 and
Proposition 4.5 that we described in Section 4 to prove that Ay, p0 = Ay ®z Apre. In the following
discussion, we prove that these two properties are only true in the case of uniform matroids.

Proposition 5.1. Suppose that M is a loopless and coloopless matroid such that
BFM’ML = {FlE :F e F]w\{@,E}} U {E|G G e FML\{V),E}}
Then, M is uniform.

Proof. We can follow the same steps of the proof of Lemma 3.2 to deduce that
FIG=FR|E<F|E<.--<F; 41]E<E|G; <E|Gjt1 <--- < E|G,.

Then the claim follows from [ ]. O

Lemma 5.2. Let F be a proper flat of a loopless and coloopless matroid M such that rank(M) < |F|.
Then, rank(F\{z}) = rank(F) for any x € F.

Proof. We first observe that rank(F) < rank(M). To see why, suppose that rank(M) < rank(F).
Since F' is proper, there exists some z € E\F. By F being a flat, we get rank(M) < rank(F) <
rank(F U {xz}), contradicting the definition of the rank of a matroid. Thus, rank(F') < rank(M) < |F,
and so F' is dependent. Now let © € F. By properties of the rank function, we have rank(F) — 1 <
rank(F\{z}) < rank(F') so we either have rank(F\{z}) = rank(F) — 1 or rank(F\{z}) = rank(F).
Towards a contradiction, assume rank(F\{z}) = rank(F) — 1 is true. We take two cases, and show
that both lead to a contradiction. Assume first that F\{z} is independent. Then rank(F) —1 =
rank(F\{z}) = |F\{z}| = |F| — 1, implying that rank(F) = |F|, a contradiction. Now assume
that F\{z} is dependent. We show that z is a coloop by proving that for any independent subset
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I, T U {z} is independent. For any independent subset I in F\{z}, I U {z} is independent since
rank(F\{z}) < rank(F). Otherwise, for any independent subset I not contained in F\{z}, then
I'U {z} is independent since I contains at least one element not in the closure of F, and hence
rank(] U {z}) > rank(l). Thus, we have a contradiction since we assumed that M is coloopless.
Therefore, it must be the case that rank(F\{z}) = rank(F') as desired. O

Lemma 5.3. Let M be a non-uniform matroid. Then there exists a nonempty proper flat F' of M
such that rank(M) < |F|.

Proof. Since M is not uniform, then not every flat is independent and hence there exists some depen-
dent flat F'. The flat F is contained in some hyperplane H that is also dependent as it contains a
dependent set. Thus, |H| > rank(H) = rank(M) — 1 so |H| > rank(M), as desired. O

Proposition 5.4. Suppose that M is a loopless and coloopless matroid (with a ground set E) such
that every bichain is a biflag. Then, M is uniform.

Proof. We prove the contrapositive. Suppose that M is a non-uniform matroid with size n and rank
r. Then, by Lemma 5.3, there is a nonempty proper flat F' of M such that rank(M) < |F|. We claim
that F\F is a flat of M*, and prove it by showing the addition of a new element to E\F strictly
increases its rank in M. For ease of notation, we use A° to denote the complement of any set A in
the set E, and 7,7* to denote the rank functions of M, M=, respectively. Let x € (F°)¢ = F. From
matroid duality, we have

rr(FeU{a}) = r((FCU{z})) + [FOU{a}] - r(E)
=r(FN{z}°) + |F| +1—r(E)
r(E\{z}) + [F°[+1 = r(E).

By Lemma 5.2, we have r(F) — 1 < r(F\{z}), implying

r(F\{z}) + |F°|+1—7(E) >r(F) -1+ |F°|+1—r(E)
(F)°) + |[F| = r(E)
(

Fo).

r(
r(

This proves that F€ is a flat of M, which is nonempty and proper since F is nonempty and proper.
Now consider the bichain F|G = F|E < E|F°. We have that

(1l FNG=(FNE)U(EUF*)=FUF°=E,
F|GeF|G

so F|G is not a biflag, as desired. O

6 Further Research Questions

6.1 Palindromicity, Real-Rootedness, v-Positivity and Unimodality

When M is uniform, we found an explicit formula for the Hilbert-Poincaré series Ha (t), and
proved that it is palindromic, real-rooted, y-positive and unimodal. It would be interesting to in-
vestigate if H Ayt (t) is real-rooted or unimodal for any other classes of matroids or for arbitrary
loopless and coloopless matroids. Furthermore, by Proposition 6.1 below, the Hilbert-Poincaré series
H Angart (t) is palindromic for any arbitrary loopless and coloopless matriod M, so it would be an in-
teresting question to investigate if H Angart (t) is y-positive for other classes of matroids or for arbitrary
loopless and coloopless matroids.
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Proposition 6.1. The Hilbert-Poincaré series Ha, | (t) is palindromic for any arbitrary matroid

M

Proof. By | ], the conormal fan A(¥/ 1) is Lefschetz. This implies that it is also hard Lef-
schetz, and so Ha () is palindromic. For the definitions of Lefschetz and hard Lefschetz, we refer
the reader to | ]. O

Based on the values of Hy . (t) we compute in the table below, our guess is that H4 . is always
real-rooted. ' ‘

Table 2: The values Ha | (t) for some loopless and coloopless matroids M of size 6 and 7. See
Appendix for the definitions of the M;’s.

M Hy, (1) Real-rooted?
M, 1+ 32tT + 258t% + 32t3 + ¢* v
M, 1+ 29t + 2002 + 29¢3 + ¢* v
M, 1+ 26tT 4+ 150¢2 + 26t° + 1 v
M, 1+ 26t + 1502 + 26¢3 + t* v
M; 1+ 23tT +108t2 + 23t3 + 1 v
M 1+ 20tT + 7462 4 203 + ¢2 v
My | 14 75t7 + 1143t% + 11433 + +75t* +t° v
Mg | 1+ 71t1 +986¢2 + 986t% + +71t* +t° v

6.2 Relationship between A, /. and Ay ®z Ay

It would also be interesting to study the relationship between A; 50 and Ay ®z Apse in the non-
uniform case. As we proved in Proposition 4.5, the two graded rings are isomorphic if M is uniform.
In the more general case, when M is an arbitrary loopless and coloopless matroid, we have morphisms

of fans m : ¥y e — Bpyp and T 2 Xpy e — Xpge | ]. Consequently, we have a morphism
of fans o : Yprm — X x X0 giving us a pull-back map o : Ay ®z Apr — Apy e since
Ap Qg Appr =2 A(Xp X Zpp1). Proposition 3.20 of | ] provides us with the following simple

description of o*: for flags F,G of nonempty proper flats of of M, M+, respectively,

o (rr@z1) =Y xF4, o (18z12g)=) apg
A B

where the sum in the left equality is over all decreasing sequences A such that F|A is a biflag of M,
and the sum in the right equality is over all increasing sequences B such that B|G is a biflag of M.
It would be of interest to study the kernel and the image of this map in hope of learning more about

AM’]\/[L .

6.3 Non-Dominance of Uniform Matroids

In | ], the following proposition is proven regrading the coefficients of the Hilbert series of the
Chow ring of an arbitrary matroid:

Proposition 6.2. Let M be a matroid of rank r and a ground set of size n. Then
HAM (t) = HAUfL (t)

where =X denotes that the former polynomial is less than the latter polynomial coefficient-wise.
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It is, then, natural to ask whether something similar holds for Ha . (t) where M is arbitrary.
Explicitly, we are asking if for any matroid M of size n and rank r, we have

ity s )% Hity . ) @

We provide a counterexample. Let M be the matroid with ground set £ = {1,2,3,4} and basis
B = {{1,2},{2,3},{1,3},{2,4},{1,4}}. We have that n = 4, » = 2, and one can explicitly compute
that

Ha, . () =1+3t+1%

Based on Corollary 4.7, we have that
Hy . (t)=1+2t+¢%

U’;l: VU’IL

It would be interesting to investigate if there special families of matroids M such that (2) holds true.

7 Appendix

Table 3: Bases of the matroids M; in Table 2.

M | Bases(M)

M, | {0,1,2},{0,1,3},{0,2,3},{1,2,3},{4,0,1},{4,0,2},{4,1,2},{4,0,3},{4,1,3},{4,2,3},{0,5,1},
{0, 5, 2},{5, 1, 2}, {0, 5, 3}, {5, 1, 3}, {5, 2, 3}, {4, 0, 5}, {4, 5, 1}, {4, 5, 2}, {4, 5, 3}

M, | {0,1,3},{0,2,3},{1,2,3},{4,0,1},{4,0,2},{4,1,2},{4,0,3},{4,1, 3}, {4,2,3},{0,5,1},{0, 5, 2},
{5, 1, 2}, {0, 5, 3}, {5, 1, 3}, {5, 2, 3}, {4, 0, 5}, {4, 5, 1}, {4, 5, 2}, {4, 5, 3}

Ms | {0,1,3},{0,2,3},{1,2,3},{4,0,1},{4,0,2},{4,1,2},{4,0,3},{4,1, 3}, {4,2,3},{0,5,1},{0, 5, 2},
{5, 1, 2}, {0, 5, 3}, {5, 1, 3}, {5, 2, 3}, {4, 0, 5}, {4, 5, 1}, {4, 5, 2}

My | {0,1,3},{0,2,3},{1,2,3},{4,0,1},{4,0,2},{4,1,2},{4,1,3},{4,2,3},{0,5,1},{0,5,2}, {5, 1, 2},
{0, 5, 3}, {5, 1, 3}, {5, 2, 3}, {4, 0, 5}, {4, 5, 1}, {4, 5, 2}, {4, 5, 3}

Ms | {0,1,3},{0,2,3},{1,2,3},{4,0,1},{4,0,2},{4,1,2},{4,1,3},{4,2,3},{0,5,1},{0,5,2}, {5, 1, 2},
{0, 5, 3}, {5, 2, 3}, {4, 0, 5}, {4, 5, 1}, {4, 5, 2}, {4, 5, 3}

Ms | {0,1,3},{0,2,3},{1,2,3},{4,0,1},{4,0,2},{4,1,2},{4,1,3},{4,2,3},{0,5,1},{0, 5,2}, {5, 1, 2},
{0, 5, 3}, {5, 2, 3}, {4, 0, 5}, {4, 5, 1}, {4, 5, 3}

M7 | {0,1,2},{0,1,3},{0,2,3},{1,2,3},{4,0,1},{4,0,2},{4,1,2},{4,0,3},{4,1,3},{4,2,3},{0, 5,1},
{0, 5, 2}, {5, 1, 2}, {0, 5, 3}, {5, 1, 3}, {5, 2, 3}, {4, 0, 5}, {4, 5, 1}, {4, 5, 2}, {4, 5, 3}, {0, 1, 6},
{0, 6, 2}, {1, 6, 2}, {0, 6, 3}, {1, 6, 3}, {6, 2, 3}, {4, 0, 6}, {4, 1, 6}, {4, 6, 2}, {4, 6, 3}, {0, 5, 6},
(5,1, 6}, {5, 6, 2}, {5, 6, 3}, {4, 5, 6}

Ms | {0,1,3},{0,2,3},1{1,2,3},{4,0,1},{4,0,2}, {4, 1,2}, {4,0,3}, {4, 1,3}, {4, 2,3}, {0, 5, 1}, {0, 5, 2,
(5,1, 2}, {0, 5, 3}, {5, 1, 3}, {5, 2, 3}, {4, 0, 5}, {4, 5, 1}, {4, 5, 2}, {0, 1, 61, {0, 6, 2}, {1, 6, 2},
{07 6, 3}7 {17 6, 3}7 {67 2, 3}7 {47 0, 6}7 {47 1, 6}7 {47 6, 2}7 {47 6, 3}’ {01 9, 6}7 {57 1, 6}7 {57 6, 2}1
{5, 6, 3}, {4, 5, 6}
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