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1 Introduction

For a commutative ring R with unit 1z, one may consider the projective special linear group

PSL(2,R) = H‘C‘ Z] ca,b,c,d € R,ad — be = 13}/{11}

Groups of this form are ubiquitous in algebra, and have a rich theory. A foundational result on special
linear groups over fields is due to Borel and Tits [1,2]: if two fields F; and F» satisfy certain properties,
PSL(27 Fl) = PSL(27F2) if and only if F1 = FQ.

An especially interesting case is that of matrix groups of discrete valuation fields, or of the rings of
integers of these fields. The two most accessible examples of such fields are Q,, the p-adic numbers, and
F,((z)), the field of fractions of polynomials over the finite field F,,. In both cases, p must be a prime integer.
These fields, along with other objects mentioned in this introduction, will be rigorously defined in the next
section.

Q,p and F,((z)) have many common properties: their respective norms both have image set {0}U{p" }nez,
and there exists a canonical norm-preserving bijection between these fields. However, these fields are not
isomorphic (in fact, they do not even have the same characteristic), so PSL(2,Q,) 2 PSL(2,F,(z))). While
these linear groups are globally distinct, one may ask if there is some sense in which the algebraic structures
of these groups are locally similar. Serre trees provide a concrete framework for comparing PSL(2,Q,) and
PSL(2,F,((x)) on a local level.

Specifically, Serre observed [3] that for every discrete valuation field K, one can associate an infinite
regular tree Tk, and that this tree admits a faithful group action by PSL(2, K). Since PSL(2,Q,) and
PSL(2,F,((x))) both act on the tree T, we can ask whether any two actions from these groups are conjugate
with respect to the full automormorphism group of the tree, Aut(7,) (fig. 1). In other words, does there
exist f € PSL(2,Q,), g € PSL(2,Fy(x)), and h € Aut(7Z,) such that (thinking of each element as an
automorphism of T},),

g=hofoh™!

If so, what can we say about f and g? Notice this condition is weaker than isomorphism of the two groups,
or even isomorphism of subgroups, since we are allowed to conjugate by elements of Aut(7,) that do not
arise by action of either PSL(2,Q,) or PSL(2,F,(z)). In fact, conjugacy gives a very high amount of
flexibility in some cases: for example, any two tree automorphisms that fix one point of T, and act on its
neighbors via a cyclic permutation of length p + 1 are conjugate, regardless of how they act far away from
their respective fixed points.

However, for the projective special linear groups PSL(2,Z,) and PSL(2,F,[z]) derived from the respec-
tive rings of integers of Q, and F,((z)), we determine a condition for two actions to be conjugate, and find
that in this case, even with the flexibility given by working in Aut(T},), conjugacy is still a highly restrictive
phenomenon:

Theorem 1.1 Let f € PSL(2,Z,), g € PSL(2,F,[z]), and h € Aut(T},), where T, is the Serre tree of Z,
and Fp[z]. Also let iy : PSL(2,Z,) — Aut(Tp) and i : PSL(2,Fp[z]) — Aut(T,) be natural inclusions, and
assume

iz(g) = hoir(f)oh™!
Then Ord(f) = Ord(g) < oo, and moreover Ord(f) = Ord(g) is a divisor of W%)”.

The primary reason this condition is restrictive is that elements of PSL(2,Z,) or PSL(2,F,[z]) with
finite order are rare. In fact, it can be deduced from our primary technical lemmas that all finite elements
of PSL(2,Z,) and PSL(2,F,[z]) have order dividing (”2’%1). Mirroring constructions commonly performed
in arithmetic geometry, our approach is essentially to understand PSL(2,Z,) and PSL(2,F,[z]) by decom-
posing into exact sequences

0 — PSL(2,F,) — PSL(2,Z,) — PSL(2,Z,)/PSL(2,F,) — 0



PSL2,7,)  Auwt(Tp)  pSLE,Fu(a)

Figure 1: A diagram showing the inclusions of PSL(2,Z,) and PSL(2,Fp[z]) in Aut(T,). The arrows
represent injective homomorphisms. We ask whether, up to conjugacy in Aut(7},), the images of the two
projective matrix groups overlap.

0 — PSL(2,F,) — PSL(2,F,[z]) = PSL(2,F,[z])/PSL(2,F,) — 0

and showing the quotients are torsion-free. However, these algebraic frameworks will generally be swept
under the rug in favor of explicit constructions.

We will also examine the space of invertible projective affine transformations over a field or ring:

AH(R){[S i’] :aeR*,beR}

In the case of Aff(Z,) and Aff(F,[z]), we obtain a corollary for affine transformations:

Corollary 1.1 Let f € Aff(Z,), g € Aff(F,[z]), and h € Aut(T,) so that g = ho foh~!. Then Ord(f) =
Ord(g) < oo, and additionally Ord(f) = Ord(g) is a divisor of p(p — 1).

In section 2, we will rigorously define Serre trees and their associated group actions. In section 3, we

will analyze the action of PSL(2,Z,) on T, and derive crucial geometric information about this action. In
section 4 we will determine similar information for PSL(2,F,[z]) and prove theorem 1.1 as a consequence.

2 Key Definitions

2.1 Discrete Valuation Rings, Z,, and F,[z]

The first building block to define a Serre tree is a discrete valuation ring.
Definition 2.1 A discrete valuation of a field F is a function ¢ : F — Z U oo satisfying

1 p(ay) = p@) + p(y) for all z,y € F
2. o(x+y) > min(p(x), p(y)) for all z,y € F

3. plx)=00 < =0



If F is a field with discrete valuation ¢, we can associate to it the ring
Op,={z € F:px)>0}

This ring is an example of a discrete valuation ring, and in fact any discrete valuation ring arises in this way.

Definition 2.2 A discrete valuation ring is a ring K with field of fractions F such that for some discrete
valuation ¢ on F', K = OF,,.

This definition is equivalent to the condition of having a unique nontrivial maximal ideal: for O ,, that
ideal is
I={z€0p,:p()>1}

Any discrete valuation ring K with valuation ¢ : K — Z U oo has a natural norm | - |, : K — R>¢, defined
by
2], = r=¢@

where r € R, r > 1.

Two natural examples of discrete valuation rings are Z, and F,[x]. For our purposes, it is most useful to
define Z,, as the ring of formal power series in p:

Z, = {Zaipi ca; €{0,1,...,p— 1} for all L}

=0

Addition and multiplication are carried out using the normal rules for manipulating power series, with the
exception that coefficients are carried. For example, when p = 7, 5% 7'+ 3% 7! = (14+7) 71 = 1% 7L + 172
When we restrict to elements of Z,, with finite power series expansions, we recover the monoid Z>q with the
usual addition and multiplication rules.

F,[z] is defined analogously to Z,, but with z in place of p, and with coefficients in F,, = Z/pZ:

Fylz] = {Zaixi ta; € F, for all z}
i=0

Addition and multiplication are carried out by using the normal rules for power series expansions, treating
coefficients as elements of F,,. In this case, when p=7,5x2+3%x2x=(5+3)*xz =1x*uz.

The fields of fractions of Z, and F,[z] are isomorphic to Q, and F,((x)), respectively, where Q, and
F,((z)) are obtained by allowing finitely many negative coefficients:

Q= {Zaipi ik €Z,a; €{0,1,...,p—1} for all 4, a, # 0} u{o}

i=k

F,(x) = {Z a;x’ i k € Z,a; €T, for all i, ay, # 0} U {0}
i=k

For z € Q, or z € F,((z)), the valuation function is defined as ¢(z) = k, and the norm is then given by
|z = p~#&) = p=F. For example, if p=5and z =574 +3% 771 +72 € Q,, then p(z) = —4 and |z| = 7.
This norm effectively detects divisibility by p, and behaves very differently than the Euclidean norm on R:
for example, in Qp, lim;j_,o [p/| = 0.

There exists a valuation-preserving (and thus norm-preserving) bijection from Q, to F,((x)), given by

¥ Qp > Fp((2)), ¢ (Z az‘ﬂ) = au’
ik ik

This observation will become critical once Serre trees are introduced.



2.2 Serre Trees

In subsection 2.1, we stated that any discrete valuation ring has a unique nontrivial maximal ideal, and that
for a discrete valuation ring of the form Op, = {z € F' : p(z) > 0} for some field F' with valuation ¢, the
maximal ideal is given explicitly by

I={z€F:p(z)>1}

In the case of Z,, or Fp[z], this maximal ideal is (p) = pZ,, or (x) = zF,[z], respectively.

Recall from elementary ring theory that a ring quotiented by a maximal ideal necessarily gives a field:

Definition 2.3 Let R be a discrete valuation ring with maximal ideal I. The field R/I is the residue field
of R.

The residue field can be finite, even when R is infinite: both Z,/pZ, and Fp[z]/zF,[z] are isomorphic to
IF,,. For the sake of simplicity, we will assume from now on that all discrete valuation rings under consideration
have finite residue fields.

We can now define Serre trees! We will first simply give a (highly unsatisfying) definition, and then
explain a useful geometric interpretation of that definition in the case of Q, and F,((x)).

Definition 2.4 (Serre tree) Let R be a discrete valuation ring with field of fractions F' and unique non-
trivial maximal ideal I. Then the Serre tree Tk associated with R is the infinite regular tree with vertex
degree |R/I| + 1.

Therefore, Tz, and Tf, [, are both isomorphic to the infinite regular tree with p + 1 vertices, which we
will denote T, (fig. 2). One intuitive description of T}, is a computer folder structure where each folder has
one parent folder and p subfolders. However, this description is somewhat misleading, since ’folder paths’
become infinitely long (we will make sense of these paths later, as they carry useful geometric information).

Serre trees are part of a much larger family of geometric objects, the Fuclidean buildings, and are a
fundamental class of examples of 1-dimensional Euclidean buildings [4]. Serre originally defined these trees
as arising from scale-equivalence classes of rank-two modules over the base ring [3]; it is not obvious from
Serre’s original definition that the objects presented are trees, nor that they have the structure described
in definition 2.4. We will instead follow the more concrete geometric interpretation given by Armitage and
Parker [5].

2.3 p-adic Balls, the Ultrametric Inequality, and Serre Trees
For two elements z,y in a field with norm | - |, define d(x,y) = |z — y|. By axiom 2 of definition 2.1, both
Q, and F,((z)) satisfy the ultrametric inequality, or for any z,y, z,

d(z, z) < max(d(z,y),d(y, z))

This inequality can be seen as a strengthening of the standard triangle inequality for metrics. Its properties
can be quite surprising for those more familiar with Euclidean space: for example, in an ultrametric space,
all triangles are isoceles. Moreover, translations of balls are either disjoint or equal:

Lemma 2.1 Let B(x1,7), B(x2,r) be two closed balls in Q, with equal radius. Then By = By or BiNBy = (.

Proof. When r = 0, we have that two points are either equal or disjoint, which is definitely true. Assume
r > 0. Since the norm is discrete except at 0, we can assume without loss of generality that » = p* for some
k € Z. It B(zy,7) N B(xa,r) # 0, then assume y € B(xy1,r) N B(xa,r). For any z € B(z1,7), d(z,21) < r.
Additionally, d(x1,y) <7, and d(y,xz2) < r. Applying the ultrametric inequality twice,

d(z,:l?z) < max(d(z,xl),d(xl,y),d(y,xz)) =r
So z € B(za,r), and B(z1,r) C B(xg,r). By symmetry, B(zy,7) = B(z,r). B



Figure 2: The local structure of the infinite regular tree T5.

Corollary 2.1 For any k € Z, the balls of radius p* partition Qp.
Corollary 2.2 Let B(z,r) C Q,. Ify € B(x,r), then B(z,r) = B(y,r).

Effectively, any point in a p-adic ball serves as its ’center’! Identical results hold in the case of F,((z)).

Now, let V be the set of all balls in Q, with radius p* for some k € Z; by the remark in the proof of
the above lemma, this covers every ball in Q, up to equality. V serves as the vertex set of T,,. Visually,
we can think of balls of equal radius being stacked in horizontal ’layers’ in order of radius, with each layer
representing a partition of @, into balls. Arranging balls of greater radius "higher’ on the tree, the partition
corresponding to each layer refines the partition above it (see fig. 3). In the case of Q,, we will notate each
ball using coset notation, so that B(z,p~*) = z + p*Z;, represents the ball of radius p~* ’centered’ at z.

The edge set E of T}, is defined via mazimal containment:

Definition 2.5 If By and By are two distinct balls in some field, By is maximally contained in By if By C Bs
and there exists no Bs such that By C B3 C Bs.

Example 2.1 If B = 1 + 23Z,, then B is mazimally contained in 1 + 227y, and B mazimally contains
14 2%Zy and 1+ 23 + 2%7Z,.

FE is then defined as the set of all unordered pairs of balls such that one is maximally contained in the
other. Over the p-adics, if the radius of B is p* and the radius of By is p?, an alternate way of characterizing
maximal containment is that By C Bo and k =j+1,0or Bo C By and k= j — 1.



Figure 3: A rooted subtree of T5, labeled with the 2-adic ball associated to each vertex. Each ball contains
two maximal sub-balls.

Definition 2.6 (p-adic Serre tree) Let V), be the set of all balls in Q,, and let E,, be the set of unordered
pairs (By, Ba) such that By, Ba € Q, and By is mazimally contained in By or By is mazimally contained in
By. Then T, = G(V,, E}), the graph constructed by interpreting V,, as a vertex set and E, as an edge set, is
the Serre tree of Q.

It is not immediately obvious from the above definition that 7}, is in fact a tree. We give a proof sketch:
assume By = B(ag, p") is a vertex contained in a cycle C of T,. Notice that any ball in T}, is adjacent to p
balls of smaller radius and 1 ball of larger radius. Of the two vertices adjacent to By in C, at least one is a
ball with smaller radius, p*o~1: call this ball B;. If By is the other vertex adjacent to B; in C, it must have
radius p*o~2, since the only ball adjacent to B, in C with greater or equal radius to B; is By. Continuing
this argument, we form a chain of adjacent vertices By, By, Ba, Bs,... C C with strictly decreasing radius.
So no B, € C can be equal to By, a contradiction.

Having constructed 77z,, we have all the structure in place to build Tf, ;). We remarked earlier that
there is a norm-preserving bijection between Q, and F,((«)). As a function between Q, and F,((z)), this
bijection sends balls to balls, and preserves both radii and containment (and therefore maximal containment).
Since Tz, was only defined in terms of balls on Q, and their relations, our bijection shows that T [, can be
constructed in exactly the same manner as 77, and moreover T, [,] = Ty, in the sense of graph isomorphism.

Definition 2.7 (Laurent Serre tree) Let V), be the set of all balls in Fy((x)), and let E, be the set of
unordered pairs (B1, B2) such that B, Bs € F,((z)) and By is mazimally contained in By or By is mazimally
contained in Bi. Then T, = G(V,, Ep), the graph constructed by interpreting V,, as a vertex set and E, as
an edge set, is the Serre tree of F,((2)).



2.4 Linear Fractional Transformations on 7T,

We claimed that the Serre tree Tk admits a group action by PSL(2, K), where K is the field of fractions of
R. How is this action defined? Rather than use the matrix notation presented in the introduction, we will
represent PSL(2, K) as a group of linear fractional transformations:

az+b
cz+d

PSL(?,K){f(z) :a,b,c,dGK,adbcl}

With this notation, the group law on PSL(2, K) becomes function composition, and each element f(z) is
an invertible function f : P!(K) — P}(K). As is standard, we think of P!(K) as K U {oo}. The map

a b az+b
v e d|)~
cz+d
is the canonical isomorphism between the matrix notation of PSL(2, K') and our new notation. We will use
both notations, depending on context.

az+b
cz+d

One apparent issue is that representations of the form f(z) = are not quite unique. After all, for

any element s,
az+b saz+b asz+bs
cz+d  scz+d csz+ds

However, a quick calculation shows that

(B e ()

So the only choice of s that leaves the determinant fixes is s = £1. But these choices of s correspond to
multiplying by +7, which we quotiented by to obtain PSL(2, K)! So the Zzz_tdb notation is well-defined once
we require that ad — bc = 1. This issue of multiple representations can thus mostly be ignored, although it

will be useful once much later in the paper.

Similarly,
Aff(K)={f(z) =az+b:a,be K,ac K"}

where the multiple representations issue is resolved by requiring that any matrix {8 Z] corresponding to

an affine transformation satisfy d = 1.

If f(z) € PSL(2,Q,) and B C Q, is a ball, then the image set f(B) is either another ball or the
complement of a ball (here, we think of complements of balls as "balls centered at o’). Associating each ball
with its complement, this map defines a bijection on the vertices of the p-adic Serre tree. Moreover, if By
and By are two p-adic balls such that B; is maximally contained in Bs, and neither balls is mapped to the
complement of a ball, then either f(B;) is maximally contained in f(Bs) or f(Bs) is maximally contained
in f(B). If either By or Bs is mapped to the complement of a ball, this statement holds after taking proper
complements. Since f(z) can be thought of as a bijective vertex map that preserves edge relations, f(z) acts
as an isomorphism on T, . Proofs of the assertions made in this paragraph can be found in [6], and for the
most part reduce to direct calculations.

Example 2.2 If B=1+ 2375 and f(z) = (1+ 2)z + (1 + 22), then
f(B) = f(1) 4+ 2375 = (1 4+2) 4+ (1 +22) + 237y = 23 + 237y = 04 237,

As a more complex example that is best left to a computer, if f(z) = % and B =271 +2+
23 425 4 267, then
f(B)y=1+2+42% 42342 426 4+ 27 1 287,

Example 2.3 Figure 4 shows how siz elements of PSL(2,Zs) locally act on T,.
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Figure 4: The action of six elements of PSL(2,Z5) on the vertex 0 + Zs and the three adjacent vertices
0+27'Zy, 0+ 2Zs, and 1 + 2Z,. In each subfigure, 0 + Z, is the central vertex, and is fixed by the action.

In [6], it is also shown that the group action homomorphisms PSL(2,Q,) — Aut(7,) and PSL(2,F,(z))) —
Aut(T},) are injective:

Lemma 2.2 The actions of PSL(2,Q,), PSL(2,F,(z)), AfQp), and Aff(F,(z)) on T, are faithful.

Due to the above lemma, we can think of these groups as embedded subgroups of Aut(T},). We will
often abuse notation and use f(z) to refer to both the linear fractional transformation and its corresponding
automorphism on T}, - this identification makes more sense once we consider rays of T},.

2.5 Rays, Ends and the Boundary of 7,

Serre observed that the ’boundary’ of T, can be associated with the projective line over its base field, in
our case either Q, U {oo} or F,((z)) U {co} [3]. Intuitively, this statement makes sense: as one chooses a
path down the tree, once chooses a nested sequence of balls of decreasing radius, which converge to a single
point. On the other hand, all paths of balls of strictly increasing radii eventually converge, so we label this
'upwards’ limit point oo (using the picture suggested by fig. 3). This idea can be made precise by defining
rays (see fig. 5):

Definition 2.8 A ray r on Tg is an infinite path of vertices with one endpoint and no backtracking. Two
rays r1 and Ty are equivalent if their intersection is again a ray, and an equivalence class of rays is called an
end. A linel on Tg is an infinite path of vertices with no endpoints and no backtracking.

The set of ends of T}, is in bijection with either Q, U {co} or F,((z)) U{oo}, and this bijection agrees with
the already-established bijection between Q, and F,((x)). As suggested above, an intuitive way to see this is
that an end represents all nested sequences of balls that 'zoom in’ to the same point, and defining ends in
this way is the standard way of extending the idea of 'boundary’ to the infinite tree 7},. For any element h
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Figure 5: A line (blue) and two equivalent rays (red) on Tb.

of Aut(T},), the fact that h is a tree automorphism implies it sends equivalent rays to equivalent rays, and
hence is a well-defined map on ends.

Crucially, ends interact nicely with the actions of PSL(2,Q,) and PSL(2,F,(x))). We’ll state this fact
(without proof) for Q,, but it will be true for F,((x)) as well.

Lemma 2.3 Let M € PSL(2,Q,), and let E, be the end of T, associated to some z € P1(Q,). If M(z) is
the image of z under M : P1(Q,) — PY(Q,), and M(E,) is the image of E, (i.e. the equivalence class of
images of rays in E,) under the automorphism M : T,, — T, then

M(E.) = Emz)
Sometimes, it will be helpful to go back and forth between the automorphism M induces on 7}, and

the automorphism M induces on the 'boundary’ of T,; this second automorphism is just the function M :

PH(Qp) = PH(Qp).

2.6 Conjugation and Orbits
One of the most useful tools we’ll use is conjugation, since it preserves the permutation structures we’ll be

interested in. For a set S, a group G acting on S, and s € S, g € G, define Ord,(s) as the least positive
integer m such that ¢"™(s) = s. Then:

Lemma 2.4 Let S be a set and let G be a group acting on S. For all s € S, and g,h € G,
Ordy(s) = Ordygp-1(h(s))

Proof. Assume that g™ (s) = s for some m > 1. Then (hgh™!)™ = hg™h~!, and

h(g™ (h™(h(s)))) = h(g™(s)) = h(s)

10



— h(g™(s)) = h(s) = g™ (s) = s
So Ordy(s) < Ordpgp-1(h(s)). In conclusion,

Ordgy(s) = Ordygp-1(h(s))

In particular, if S is finite, then S, naturally acts on S for some n, and a bit more work shows that
conjugation in S, preserves the orbit structures induced by permutations. We won’t need this fact, but it
indicates that elements of PSL(2,Z,) and PSL(2,F,[z]) inducing orbits of differing length on T}, prevents
them from being conjugate in Aut(7}).

We are now ready to move on to proving our primary result! We will restrict our attention to the
subgroups PSL(2,7Z,) and PSL(2,F,[x]), where the actions have an especially nice structure.

3 Analyzing PSL(2,Z,)

3.1 Preliminary Lemmas and Computational Tools

Let M = | Z} € PSL(2,Zy). If ¢ =0, then a is a unit and d = a~'; M corresponds to the function
az+b 9
f(z) = el z + ab

f(2) fixes 0o, so must send balls to balls and complements of balls to complements of balls. Moreover,
it can be quickly verified that f(z), and in fact any affine map, acts as an isometry on @Q,. Therefore, for
any ball p*u + p?Z, where u is a unit, f(p*u+p?Z,) is a ball with radius p~/ containing f(p*u), so must be
equal to f(p*u) + p'Z,.

In particular, ab € Z,, so f(0+Zp) = ab+Z, =0+ Zy.

If ¢ # 0, we can apply a standard decomposition to M:

a bl _[1 ac7t] 0 —=1]fc O 1 dc!
c d| |0 1 1 0|0 |0 1
Note that not all of these matrices necessarily lie in PSL(2,Z,). The first and last matrix are affine, so

C

0 Col] corresponds to the map f(z) = c?z, and if ¢ = p*u and ¢ + 217, is

act as isomorphisms on Q. {

some ball, f(q+2/Z,) = c>q + p’T2*Z,. In effect, f(z) = %z acts as a dilation map. [(1) 0

to the map r(z) = —%, and has a somewhat complex action: if p*u + 29Z, is a ball not containing 0,
r(p*u + 297,) = r(p*u) + 2972kZ,,.  Any ball containing 0 can be written in the form 0 + p’Z,, and
r(0+ p'Z,) = p~IZ,. (Calculations verifying these assertions are in [6]).

] corresponds

Lemma 3.1 Let f(z) = %5 € PSL(2,Z,). Then f(0+Zy) =0+ Z,.

Proof. f decomposes into As o Ro D o Ay as above. First, assume c is a unit. Then

A0+ Zy) =dc ' +Z, =047,

11



since dc™! € Z,. Again, since c is a unit,

D(0+Zy) :02*O+Zp =0+2,
R(0+ Z,) =0+ Z,, and lastly A3(0+ Z,) = 0+ Z,, for an analogous reason as Aj.

Now assume ¢ is not a unit, so ¢ = p*u where k > 0. d is necessarily a unit, as otherwise ad — bc = 1

would be impossible. A1(0+ Z,) = p~*du~! + Z,. Then

D(p~Fdu™' +2,) = p*du + p**7Z,
Since 0 ¢ p*du + p**7Z,,

R(pkdu +p2kzp) _ _p—kd—lu—l +p2k—2kzp _ _p—kd—lu—l + Zp

. Lastly,
Ay(—p~*d 't +Z,) = —pFd ' uT facTt + 2,

Moreover, if co € f(0+ Z,), then there exists some z € Z,, so that bz + d = 0. But since b is a nonunit,
bz is a nonunit, and bz + d is a unit. So bz + d = 0 is impossible, and oo is not in the image of f. In other
words, f(0+ Z,) is a ball, rather than the complement of a ball.

This verifies that f(0 + Z,) is a ball of radius 1. Lastly, notice that f(0) = bd~! € Z,, since d is a unit.
Therefore f(0+ Z,) can be written as bd~! + Z,, which is equal to 0 + Z,. R

Lemma 3.1 gives us a fixed point to work with. Since we know 0 + Z, is fixed by PSL(2,Z,), and that
functions in PSL(2,Z,) act as graph isomorphisms on T}, functions in PSL(2,Z,) must permute the sets
of vertices of distance k from 0 + Z,,, for all k > 0. We will call these vertex sets layers (fig. 6).

Definition 3.1 Let T, be the p-adic Serre tree. Ly, the kth layer from the vertex 0 + Z,, is the set of all
vertices of T, of distance exactly k from 0+ Z, for k> 0.

Ly consists of the vertices adjacent to 0 + Z,, and contains p + 1 vertices. Moving outwards on 7},
Ll = (p+1)p*"

Since each Ly is finite, passing from the action of PSL(2,Z,) on T}, to its action on Lj reduces our
problem to analyzing permutations of finite sets. We can restrict further to especially nice permutations by
considering matrices of a certain form.

Lemma 3.2 Let M € PSL(2,Z,) such that

_ |1+ pa pb
M_{ pe 14 pd

where a,b,c,d € PSL(2,Z,). Then if f(z) is the linear fractional transformation corresponding to M, f
fizxes L.

Proof. We know that pc is not a unit, so we decompose M:

M = AyRDA,
{1 —;Cpa 1£bpd] _ Ll) (1 —i—pal)(pc)_l} [(1) —01} [%c (pc(;_l} {(1) (1 erdl)(pc)‘1

The first step will be to check that 0 + p~'Z, is fixed. 41(0+p~'Z,) =p~te ! +dct +p'Z,. Assume
that ¢ has the form pFu, where u is a unit, so pc = p*+1u. Then

D(pflcfl +dcfl +p71Zp) =p202(p71071 +dC71) +p2k+1Zp
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Figure 6: The layers Ly, Lo, and L3 of T5.

= pc+ p*de + p** 7,
0 is not contained in pc + p?de + p***17Z,, since |pc + p?dc| = |pc| = p~ 1. Therefore,

1
R 24 2k+1ly y (2k+1)—2(k+1)7  _ _ -1y
(pc+p°de+p ») vt pde TP P et prde TP D
And lastly
1 1
A (—————4p'z,) = (1 a_ Yy
2< oot e TP p> (1 + pa)(pc) et prde TP

We could attempt to simplify the center of the above ball, but we could also notice that the only ball of

radius p~!in Ly is 0 + p’lZp. Since M permutes L1, necessarily
1
1 -1 - aylz —0+p 1z
(1 + pa)(pc) pc+p2dc+p p=0+p Z
and

MO+p'7,)=0+p'7Z,

We will now turn our attention to balls in L; of the form r + pZ,, where r can be assumed to be in
{0,1,...,p — 1}. M cannot invert balls of this type: that would imply there is some z € r + pZ, such that
M (z) = 00, or pcz + 1+ pd = 0. But we can see that pcz + 1 + pd is a unit. Moreover, M must send each
7+ pZ, to another ball in Ly, and 0 +p~'Z, is fixed. So in fact M must send 7 + pZ, to some r’ + pZ, such
that M(r) € v’ + pZ,. To show r +pZ, is fixed by M, it is therefore sufficient to show that M (r) —r € pZ,.
This is not so bad:

M(r) r 4 par + pb r+par +pb  r 4+ per? + pdr
r)—r= —r= -
per + 1+ pd 1+ per + pd 1+ per + bd
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Figure 7: The three branches of a vertex v in T%, highlighted. A point in T, will have p 4+ 1 branches.

_ plar +b+cr? +dr)
B 1+ per + bd

The denominator is a unit, while the numerator is divisible by p. Therefore M(r) — r € pZ, as claimed. W

3.2 Integral Branches, Identity-Like Matrices, and Orbits

Lemma 3.2 is an example of a broader phenomenon, whereby in some cases we can reduce the coefficients
of M to their representatives modulo kap when working on the layer Li. To make this phenomenon more
precise, we will need yet more definitions.

Definition 3.2 Let v € T},. A branch of T}, at v is a connected component of T, —v. If v =04 Zy, the
integral branches are those containing a point of the form a + pZ, where a € {0,1,...,p — 1}.

The three branches of a given v in 75 are shown in fig. 7. A standard fact about Z, is that it can
be constructed by taking the colimit of Z/p*Z for all positive k. The term ’colimit’ comes from category
theory, and its full definition is unimportant to us: all we need to know is that there is a surjective ring
homomorphism ¢,, projecting Z, to Z/p*Z for any n, obtained by taking the quotient of Z, by the ideal
kap. In effect, we discard terms in our power series with coefficient p* or greater. For example, 142+ 22428
maps to 1+ 2 + 22 under 3. Any such projection map ¢, extends to a projection homomorphism

on: PSL(2,Z,) — PSL(2,Z/p"Z)

by applying ¢, to each entry of a given matrix. As we will see, this projection allows us to throw out
unneeded information.

Definition 3.3 A matriz
M

a b
[C d] € PSL(2,Z,)
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is identity-like if

1 (M) = [(1) ﬂ € PSL(2,Z/pl)

An analogous definition (obtained by projecting to Z/pZ) applies to matrices in PSL(2,7Z/p*Z). We
have already used this idea: the hypothesis of lemma 3.2 is that M is identity-like. We will now generalize
lemma 3.2.

Lemma 3.3 Let My, My € PSL(2,7Z,) be identity-like. Let r + p*7Z, lie on an integral branch of T,, and
additionally assume that pp(My) = @i (Mz). Then Mi(r + p*Z,) = Ma(r + p*Z,).

Proof. Since r +kap is on an integral branch, r € Z,. Additionally, since M; and M, are both
identity-like, they will send r + kap to balls on the same integral branch, and on the same layer L. Let

a b a v
M1:|:C d:|a M2:|:cl d/:|

Neither matrix can send r + p*Z, to the complement of a ball: this would imply that for some z € r + p*Z,,
cz+d = 0or ' z+d = 0, respectively. Since ¢ and ¢’ are nonunits and d and d’ are units, this equation cannot
be solved by any z € Z,. Therefore, My (r + p*Z,) = M;(r) + p*Z,, and Ma(r + p*Z,) = Ma(r) + p*Z,. So
we merely need to show that M (r) — Ma(r) € p*Z,.

ar+b ar+b
Mi(r) = Ma(r) = er+d cJr+d

(ar +0)(dr+d)— (dr+V)(cr+d)
(ecr+d)(cdr+d)
Applying ¢, to the numerator of the above expression, we observe ¢i(a) = @i (a’), pr(d) = i V'), pr(c) =

or(c), and @i (d) = ¢(d'). So ¢y of the numerator is equal to 0 in Z/p*Z, showing M (r) — Ma(r) € p*Z,.
|

We need two more lemmas, which will allow us to make simplifying assumptions when calculating the
order of a point under an identity-like matrix M. The first lemma is a counting argument. It uses the fact
that the identity-like matrices of PSL(2,Z,) form a subgroup J, which is easily seen by noticing J = ker 1,
where ¢y is the projection map from PSL(2,Z,) to PSL(2,Z/pZ). Likewise, define J,, as the identity-like
matrices in PSL(2,Z/p"Z), which is a subgroup by a similar projection onto PSL(2,Z/pZ).

Lemma 3.4 Letn >1 and p > 2. Then

2 1 3n—2
psp.zjyz)| = T
and
‘Jnl _ p3n—3
If p =2, then
|PSL(2,7/2"7)| = 3 * 23" ~2
and

‘Jn| — 2377,73

b . If @ and b are both nonunits,

d
ad — be = 1 is impossible, so assume « is a unit. We may choose any elements of Z/p™Z for b and ¢, and
setting d = 1J;bc satisfies ad — be = 1. Since there are p"~! nonunits in Z/p"Z, there are (p — 1)p™~! units,
so there are ((p — 1)p"~1)(p™)(p") = (p — 1)p**~! matrices in Z/p"Z such that the top left entry is a unit.

Proof. All elements of SL(2,Z/p"Z) can be written in the form
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If @ is not a unit, b must be a unit. We may choose any element for d, and setting ¢ = % satisfies

ad—be. Choosing one nonunit, one unit, and one arbitrary element gives (p"~1)((p—1)p"~1)p" = (p—1)p>"—2
possible matrices. Therefore,

ISL(2,Z/p"Z)| = (p = )p*" ™' + (p = Dp™ 7 = (p — D)(p+ p™" >
To obtain the size of PSL(2,7Z/p"7Z), recall that
PSL(2,Z/p"Z) = SL(2.Z/p"Z) [{+1}

and {£I} is a normal subgroup of size 2 when p > 2 (i.e. 1 # —1). Forp=2,I = —I, and PSL(2,Z/p"Z) =
SL(2,Z/p"Z).

As for J,,, we can notice that any identity-like matrix in SL(2,Z/p™Z) can be written in the form

14 pa pb
pc 14+ pd

where a, b, c,d are elements of Z/p™"~1Z. The only restriction that must be satisfied is

(1 + p?bc) — (1 + pa)

1 14 pd) — p’bc =1 d =
(14 pa)(1 + pd) — p~be = p T pa

= d:pbc_a
1+ pa

Therefore choosing a, b, ¢ determines d uniquely. Sicne a, b, and ¢ can be chosen arbitrarily from Z/p"~1Z,
we find
|Jn‘ — (pn71)3 —_ p3n73

For p > 2, going from SL(2,Z/p"Z) to PSL(2,7Z/p"Z) doesn’t affect the size of J,, since —I ¢ J, by
definition. For p = 2, —I = I, so again nothing changes. H

@%-1)

Corollary 3.1 Let M € PSL(2,Z/p"Z) and p > 2. Then M~ 2 " s identity-like. If p = 2, then MY is
identity-like.

Proof. Let ¢, 1 : PSL(2,Z/p"Z) — PSL(2,Z/pZ) be the projection map and p > 2. Since @, 1 is a
homomorphism and |PSL(2,Z/pZ)| = (ﬁ%)p,

®2-1)p ®2-1)p

)=pn1(M) = =1

@2-1)p

) = I is equivalent to M~ =  being identity-like. The situation

Pn1 (M

@2-1)p
Pl

by Lagrange’s theorem. But ¢, 1 (M
when p = 2 is analogous. B

This lemma has a somewhat powerful consequence regarding orbits of points on 7}, under M. But first,
a definition:

Definition 3.4 Let M € PSL(2,Z,) and let v be a vertex of T,. Let Ordpr(v) be the order of v under the
group action of M.

Since any v € T), lies in Ly, for some k, and all Ly, are finite PSL(2,Z,)-invariant sets, Ord s (v) is always
a finite positive integer. We can now state another lemma:

Lemma 3.5 Let M be an identity-like matriz of PSL(2,Z,) and let v be a vertex of T, lying on the in-
tersection of Ly and an integral branch. Then the order of v under M, Ordy (v), is equal to p™ for some
non-negative integer m.
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Proof. By lemma 3.3, it suffices to consider the image of M in PSL(2 7/p*Z), which we Wlll denote

-3

M. Since My, € Ji, Lagrange’s theorem and lemma 3.4 tells us that Mp o = I, and hence Mp (2) = 2.
It follows that Ordas(2)[p** 3, so Ordys(z) = p™ for some m > 0. B

Lemma 3.1 shows that we can analyze the action of M € PSL(2,Z,) on T, by analyzing the permutations
it induces on the finite sets Lj. Lemma 3.2 shows that for certain matrices, we can restrict our attention
to considering the subpermutation M induces on the intersection of each integral branch with Lj. Lemma
3.3 shows we can even reduce M by projecting it down to PSL(2,7/p*7Z). We have reduced studying the
action of PSL(2,Z,) on T, to studying the action of a finite matrix group on a finite set, which will prove
to be a fairly tractable problem.

3.3 Finding Orbits of Exponentially Increasing Length

Our goal will be to show that for some M € PSL(2,Z,) a fixed e € Z, and a sequence of balls (e + p*Z,)
where k — oo, Ord (e +p*Z,) increases quite quickly with respect to k. In fact, as a function of k and with
M properly chosen, Ord/(e + ka ) will increase exponentially. For this paper ‘increasing exponentially’
will mean that Ords(e + kap) is bounded below by some function ar®, where a € Ry and r € Ry,
although finding precise values of a and r is unimportant to us. The next lemma is the primary building
block of our main theorem:

Lemma 3.6 Let M € PSL(2,Z,), M # I be an identity-like matriz, and
a b
-t
For sufficiently large k and for some e € Z,, Ordy (e + p*Z,) increases exponentially with respect to k.

Proof. We will make the assumption for now that e = 0, and will only be required to take other values
of e in special cases of M. Projection to PSL(2,7Z/pZ) shows that all powers M™ are identity-like. Define

Assume for our matrix M that @ = 1 + pleu,, b = pPuy, ¢ = peue, and d = 1 + 2% uy, where uq, Up, Ue, Ug
are all units and 44, %, ¢, i are all positive integers. We will go through the proof in this general case, and
then explore relaxing these assumptions.

We want to find the order of 0 + p*Z, under M, which is equivalent to finding the least n such that
n k b’ﬂ k
M™0+p"Z,) = — —0€p°Z,
dn
Since d,, is a unit for all n, this condition is equivalent to

bn €P"Z, = |by| <p~F

As we saw from lemma 3.5, 0 + p*Z,, has orbit length of the form p/. Our calculation will make use of the
binomial theorem for matrices, which we can apply in this case since the identity matrix commutes with all
other matrices.

We will consider the effect of raising M to a single power of p.
pp — ([FHpua ot 1)
U 1+ pdug
_ 10 + peug  phuy P
o 1 pleu,  pllug

17



_i p\ [t 0"’ pleug  prup I
=\ 101 puc  pug

We have (117) = p, and a well-known result from elementary combinatorics asserts that p divides (5’) for all
1<j<p-1

Also assume for the moment that p > 3, so that p divides each of the entries of MP~2, and can be factored
out from such a matrix. Then we can factor pM? out of all terms of the above binomial expression except

the first two: )
10 P, prug Pl prug ( )
|:O 1:| +p |:pic,uc pidud +p picuc pid’ltd
The (...) term represents the rest of the binomial expression after factoring, and can safely be ignored.

Expanding (M — I)?, we have

{1 0} N [p?“ua p?bub] {p%u(zﬁp“*“ubuc pibUb(p"“uaij”ud)}( )

01 peuc  piua peuc(p'ua + piiua)  pHiug +pt i eupue

Pulling out the upper-right entries, we find
by = 0+ p(pup) + p(p™"“ up(p'ug + p'tug))(...)
= p" (14 (g + pug)(...))
As above, (...) represents terms from the rest of the binomial expansion. We now compare |b| to |b,|:
b= ™l =57 ool = " (L () ()] = p

This equation holds because 1 + (p'au, + p'tup)(...) is a unit.
We have essentially shown that |b,| = %\b| Now, we can take MP as our new M and rerun the above

argument on (MP)P = M " which will show that bp2| = ]%|bp|. Proceeding inductively,

[

1
=l

For sufficiently large k such that p=* < [b|, the least m such that MP" (0 + p*Z,) = 0 + p*Z,, will be the
least m such that

b
U

m

Such an m will be equal to k—C for some constant C' depending on |b| but not on k. Therefore, for sufficiently
large k we find that Ordps (0 + p*Z,) = p™ increases exponentially in k.

We now wish to relax the assumption we made that p'eug, p®uy, p*eu., and p’éug are all nonzero. From
the expression _ ' _
by = " up(1+ (p'ua + p'tua)(...))
we can see that p'*u, = 0, p**u. = 0, or p*ug = 0 do not affect our result that |b,| = %|b|. On the other

hand, b = 0 appears to create a problem, as this implies M fixes all 0 + p*Z,. However, we can resolve this
issue by conjugating M. Let e € Z,. Then

N e i e

1 €e]Ja —ea]l [at+ec —ea+ed—e%c
10 1] e d—ec| | ¢ d—ec

The upper right term of this matrix is e(d — a — ec). If ¢ # 0, we can certainly find some e such that
e(d —a —ec) # 0, and after conjugating M the resulting matrix will be identity-like. Showing this new
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matrix has orbits of exponentially increasing length on 0 + kap is equivalent to showing M has orbits of
exponentially increasing length on vertices of the form e 4 kap.

On the other hand, if b = 0 and ¢ = 0, M is a diagonal matrix, and a,, = a™, b,, = b™. In this case, we

m

will let e = 1. Since M (1) = §, and more generally M™(1) = 57 = (%)m7 let $=f=1 +pifup. We can
write & in this form since § = 41 implies M is the identity matrix in PSL(2,Z,).

a
- —1leptz,

M(1+p*7,) =1+ p*2, — g

M™(1+p"2,) = 1+ p*Z, < (%) —1eptz,
Define f,, = (%)m = (1+ p'’uy)™. We can analyze raising f to the p:

h=f“=ﬂ+#mﬁp=236>@wwﬁ

=0
Assuming p > 3 (and using iy > 1), we can factor out p?/*1 from (?) (p*fuys)? for j > 2, and have

1+ ptiy, +p2if+1u?c(...)

Therefore 1
fo=1l=—If —1
|fp — 1 p| |

An analogous inductive argument as in the previous cases shows that for sufficiently large k, Ordas (14 p*Z,)
increases exponentially in k.

We are left with the special case of p = 2. Luckily, a direct calculation will work. Let M™ = [i" Z"]

as usual, and a = 1 + 2%u,, b = 2%y, ¢ = pleue, and d = 1 + 2%uy. Moreover, we want to find the least n
such that
M"™(0+2°Z5) =0+ 22y = |b,| <27F

0 + 2¥Z, has orbit length 27 for some j. Consider squaring M:

ae (P20 20 ?
- 2ieqy, 1+ 2Hqy

. . . . 2
(10 2laq, 2%y 2laqy, 2%y
- {O 1} +2 [QiCuC Qidud] + [2“% 2"dud}

|10 2tatly, 20ty 2%aq2 4 2Wleqypy, 2%y (2lau, + 2%u,)
10 1 Qietly,  2tatly, 20y (2o, + 2ldyy) 2%y 4 2 Fieqy,
by = 0+ 2wy 4 2wy (2 uq + 2% ug) = 2 up(2 + 27 ug 4 2ug)
Since 2 + 2'au, + 2iuy isn’t a unit, |bo| < |b|. If both i4,iq > 2, then in fact |2 + 2fu, + 2%uy| = %, SO
|b2] = 1|b]. However, 2 + 2%eu, + 2*u, might not have norm exactly 1 - this scenario could occur if either
iq = 1 or 34 = 1. In a worst-case scenario, we could have 2 + 2%u, + 2*uy = 0, in which case M? fixes
0+ 2FZ,.

If |2 + 2fau, + 2Mug| < % but 2 + 2%eu, + 2%uy # 0, then |by| =
scenario required i, = 1 or ig = 1, or in other notation, |a — 1| =
calculation, we can observe that

|b| for some fixed [. However, this

or |[d— 1| = 1. Using the above

1
2l
1
2 2

ap = 14 2ttty 4 2%0ay2 4 ivicy,q,
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Each of 2%+ 1y, 2%ey?2 and 2% uyu, have norm at least 1, so laz — 1| < 3. Analogously, |d> —1| < £. Since
this property avoids the issue we encountered above, we can rerun our calculation and precisely determine
|bs] = 3|b2|. Continuing inductively,

1
2m+l71

1
[ | = =g b2 = b2

For sufficiently large k, showing Ord,; (0 + 2¥Z) increases exponentially in k& when k is large.

If (24 2% u, +2%uy) = 0, then a+d = 0, or a = —d. Plugging into the determinant equation ad —bc = 1,
—a? = 14 be. Reduce this equation mod 4: b and ¢ are both divisible by 2, so bc vanishes, and we are left
with a2 = —1 mod 4. This equation has no solutions, so we arrive at a contradiction.

If b = 0, then we conjugate as in the p > 2 case and repeat that argument. If b = ¢ = 0, then as before
sete=1, f=2=1+27uy, and f, = (2)" = (1 + 2" us)™. Then
M™(1+2Z,) =1+ 2%Zy <= |f — 1| < 27"
We know this point has order 2" for some n, so we’ll analyze the effect of squaring f:
fo=(1+42%up)? =142y 422707
Certainly |fo — 1| < |f — 1], but |fo — 1| = |f — 1] fails if iy = 1, or |f — 1] = 1. However, as long as

20Ty p + 22ifufc # 0, we will instead obtain some [ so that |f; — 1| = &|f — 1|. But now |fo — 1| < 3, so
we can induct on the above calculation and obtain

1 1
|[for =1 = oz lfel = o= | fel
The proof now follows as in p > 2. If in fact 21 Tluy + 22ifu3c =0, then f2 =1 and f = £1, contradicting
our assumptions.
Since the p = 2 case is taken care of, we are done. B

This addresses the question of finding orbits of exponentially increasing length on some branch. Since
we’d like orbits of exponentially increasing length on more than one integral branch, we need to work out
some subtleties related to how we proved lemma 3.6.

3.4 Conjugation and Generalizing to Multiple Branches

Lemma 3.7 Let M € PSL(2,Z,), M # I be an identity-like matriz, and
a b
u-o

For at least two integer branches B1, By of T}, and for sufficiently large k, there exist points p1,pa2,... C B;
such that p; € K+ and Ordps(p;) increases exponentially in .

Proof. This proof will break down into checking several cases. First, assume b = 0. Since b # 0, we apply
the proof from lemma 3.6, and see directly that points of the form 0 + p*Z, has exponentially increasing
orbits under M with respect to k.

1 —e

r_
Now, let M’ = [O 1

}for some unit e € Z,. Then
, no1__ |1 —ella b|l|l e
MM (M) _{0 1][0 dl |0 1
|1 —e| |a bHae
0 1] |ec d+ec
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a—ec b+ae—de—e%¢
c d+ ec

Notice that the term b+ ae — de — e%c is a quadratic polynomial with respect to e. Moreover, since b # 0,
this polynomial is nonzero, and so only has finitely many solutions e € Z,. Since each branch not containing
0-+pZ, contains infinitely many possible choices for e, choose any e such that —ce?+e(a—d)+b # 0. For this
choice of e, 0 + kap has exponentially increasing orbits under M'M (M’)~1, so e + kap has exponentially
increasing orbits under M.

We can now turn to the case where b = 0. If ¢ # 0, we can conjugate:
0 —1|fa b] |1 -1
1 1]lec dl|1 O
_ d—c —c
T lat+(e=d) a+c
Since —c # 0 and conjugation preserves orders of elements within each integral branch (although the branches
and the points themselves could be shuffled), this reduces to the previous case.
If both b = 0 and ¢ = 0, then we know from the proof of lemma 3.6 that 1+ kap has exponentially
increasing orbits under M. Moreover, since M(z) = §z,
M2+ pFz,) =2+ p"2, « 22 —2¢pz,
z
If p # 2, this condition is equivalent to ¢ —1 € p*7Z, since 2 is a unit. If p = 2, then
2(9—1) €7, — L _1ec2k17,
z z

The above expression, in the context of the proof of lemma 3.6 in the case of p = 2, implies that Ordas (2 +
28 7)) = %Ord (1 + 2%Zy) for sufficiently large k. Lastly, observe that 2 4+ p*Z, lies on a different branch
than 1+ kap - this last point is worthy of some elaboration, since different behavior occurs for p = 2 and
p > 2. When p > 2, 1+ pZ, and 2 + pZ, are both adjacent to 0 4 Z,, and lie on the branches containing
1+ kap and 2 + pZ,, respectively. When p = 2, points of the form 2 + 2%7.4 lie on the branch with 0 + 2Z,
as the vertex adjacent to 0 + Z,. B

We now have all the ingredients we need in the p-adic case, and can turn our attention to the case of

Fp((2)).

4 Analyzing PSL(2,F,[z])

4.1 Geometric Preliminaries

Assume N € PSL(2,F,[z]) is conjugate to an element of PSL(2,Z,) as tree automorphisms. In other words,
there exists some M € PSL(2,Z,) and some ¢ € Aut(T},) so that

N=gpoMogp™

We will also assume that M is identity-like, since our analysis of actions on PSL(2,Z,) focused on matrices of
this type. We can use the conjugacy equation above to determine a substantial amount of basic information
about V.

First, note that M fixes 0 + Z,. If we let (0 + Z,) = vo = r + 2*0F,[z], then
N(r+ " Fpla]) = o(M(™! (r + 2 Fp[a]))) = o(M(0 +Zp)) = (0 + Zy) = 7 + & Fp[a]

So N fixes vg. Since ¢ is a tree automorphism, it induces a bijection between vertices adjacent to 0 + Z,
and vertices adjacent to vg. Since M fixes all vertices adjacent to 0 4 Z,, a calculation similar to above will
show that IV fixes all vertices adjacent to vy.
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More generally, let Lj be the set of vertices of distance k from vg. ¢ necessarily induces a bijection
Ly < L}, for every k, and by properties of conjugation the existence of an element of order O under M in
Ly, implies the existence of an element of order O under N in L, and vice-versa.

We should look at the p + 1 vg-branches of T}, in relation to N. Since the term ’integral branch’ doesn’t
make sense now that vg rather than 0+Z,, is the branch point, we’ll instead use the term 'downward branch’
to refer to the p branches of vy not containing co at their boundary. As a tree automorphism, ¢ necessarily
sends branches of 0 4+ Z,, to branches of vy.

Lemma 4.1 Let N and M be as above. Then an integral branch of 0+7Z, containing points of exponentially
increasing order is mapped to a downward branch of vg.

Proof. We know from lemma 3.7 that there are at least two integral branches of 0 +Z,, containing points
of exponentially increasing order. At most one of these branches can be mapped to the single non-downwards
branch of vg, so the other must be mapped to a downwards branch. W

Our plan is now to show directly that no downwards branch of vy can contain points of exponentially
increasing order. First, note that since N fixes the non-downwards branch containing co at its boundary,
N cannot send any ball on a downwards branch to the inverse of a ball. Moreover, since all balls on
the intersection of some Lj with a downward branch have the same radius, N fixes the radii of balls on
downward branches. Combining these two facts, we obtain that for any ¢+ mkIFp [] on a downwards branch,
N(g + 2*Fy[z]) = N(q) + «*Fp[z].

Lemma 4.2 Fix k > 0 and assume that ¢ = xlquq for some unit ug and ly, € Z, so that g+ :EkIFp[x] lies on
a downwards branch of vg. Assume that for some m, N™ is of the form

N 1+ zlew, xtouy
2leu, 1+ 2lduy

for some units uq, up, e, uq and integers lo, Iy, lc,lqg > max(k + 1,k + 1 —3l,). Then N™ fives q + z*F,[z].

Begin with
(14 zloug)q + zlouy
wleugg + (1+ zloug)
(1 + 2leuy)g + 2luy — 2leucg? — (1 + zliug)g
xleueq + (1 4 xlaug)
We want to show this expression is in *F,[z]. Since l.,lq > 1, the norm of xlcu.q + (1 + 2liuy) =

zleu.q + g + 2Mugg will be p~Uetla) if [, + l; <0, and 1 otherwise. But the norm will certainly be at least
1! Therefore

N"™(q) —q=

(1+ zl“ua)q + 2l — zleucg® — (1+ :L'ldud)q € l’k]Fp[l’]

implies
(1t ot un)g + oo, — oo = (Lt o)y
xleueq + (1 4 zlaug) P
But
(1+ xl“ua)q + 2wy — 2loucg?® — (1+ xldud)q = 2lougq + zluy — 2leucg? — 2liugg
= wl“+l4uauq + xlbub — xl“”l‘mcuz — xldH‘Iuduq

If I, > 0, then by I, + Iy, Iy, le + 21y, la + 1, > k + 1, the above expression must be in 2*F,[z]. If [, < 0,
then I, ly, lc,lqg > k+1—3l,, and I, 4+ 1y, lp,lc + 24, lqg + 14 > k. Therefore, the above expression must be in
z*F,[z]. Either way, we obtain
N™(q)—q € kuE‘p[x]
= N™(q+a"Fylz]) = g + 2"F[2]
|

So by calculating powers of N, we can find an upper bound for Ord N(q—!—kap). This calculation is much
less finicky than in the p-adic case, especially since we’re only looking for an upper bound.
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4.2 Showing Orbit Lengths are Linear in &
Lemma 4.3 Let N € PSL(2,F,[z]) be an identity-like matriz such that N # I, and assume
a b
ve e
Also fix g € Fp((x)) and vo € Ty, and assume N fizes both vy and its branches. Lastly, assume q + kap lies

on a downward branch of vy for all sufficiently large k. Then for such sufficiently large k, Ordy(q + 2*Z,)
is bounded above by a linear function of k.

Fix some sufficiently large k > 0, so that ¢+ kap =gl Uug + kap lies on a downwards branch of vy. Let

Nm — |:a’m b’f}'L}

Cm  dm

By the preceding calculation, our goal is to find sufficiently large m so that all elements of N™ — I have
norm less than or equal to p~ max(k+1Ak+1-3ls) ~ Assume a = 1 4 z'*uq, b = 2l uy, ¢ = z'eu,, and d = zliug,
such that ug, up, Ue, ug are all units and I, Iy, l.,lg > 1. Consider raising N to the pth power:

NP — 1+ zleu, oy p_ 1 0 i cloug  alvuy P
T aleu,. 1+z,uql  \ |0 1 zleu,  zliug

P
. Z p ;vlaua xlbub
o = j xleu, xliuy

We now use the fact that p divides (?) for all 1 < j < p — 1. Moreover, since our base ring F,[z][z] has
characteristic p, all terms in the above binomial expansion will vanish except the first and last. We're left

with
1 0 o,  alouy P
+ . l
0 1 Tr'eu. T'lug
Now, let l,,, = min(l4, Iy, e, lg) > 1 be the minimal valuation of the entries, so that

wlau, zlwy, Iom gla=lmy, glo=lmy,
l lq =7 le—1 la—1

Treue  xug xreTtmy, Tty

The above matrix is still an element of PSL(2,F,[z]), so all of its entries will remain in F,[z] under matrix
exponentiation. Looking at

l le—1

P - - P
wlau, o, ( 1 )P pla=lny, glo=lmy,
= (z™ _ _
wleu,  xliug glelmy, glazlmy,

we see that after multiplying (z'm)P = xP!m back into the matrix, the minimal valuation of the entries will
be at least aP'm.

Define the maximal norm of an identity-like matrix N to be the maximum of the norms of the entries of
N — I. For N above, its maximal norm is p~‘= by definition of ,,, the minimal valuation. We have shown
that N? has maximal norm at most p~Plm.

NP is still identity-like, so we can induct on the above calculation and conclude that the maximal norm
of N?" is less than or equal to p*pzlm. After substituting in equivalent definitions, lemma 4.2 directly states
that if the maximal norm of NP" is less than p~ max(k+1E+1=3l) "then NP' fixes q+2*Fp[r]. But the maximal

norm of N?' is bounded above by p~?'l= | and
p,pilm < p7 max(k+1,k+1-3l4) pilm > max(k + 1’ k +1-— 31q)

Now, max(k + 1,k + 1 — 3l,) increases linearly in k, and l,, is fixed. Therefore, the least power p’ such that
p'ly, > max(k + 1,k + 1 — 3l,) also increases linearly in k for sufficiently large k, and is in fact bounded
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above by p * max(k + 1,k + 1 — 3l,). But this power p’ is exactly what we need to raise N to in order to
guarantee it fixes ¢ + wk]Fp []. Notice we want to determine the rate of growth of p*, rather than 7, since p*
is what we’re raising N to.

There are other cases to consider where a = 1, b =0, ¢ =0, or d = 1. As long as N # I, these cases
follow by a very similar argument. H.

Corollary 4.1 Let N, q, and vy be as in lemma 4.2. Let vg = qo + xkOFp[x]. Then for sufficiently large k,
Ordy (g + 2*F,[z]) is bounded above by a linear function of k — ko.

Proof. This follows directly from the assertion that Ordy(q + *F,[z]) is bounded above by a linear
function of k, since k is itself a linear function of k — ko. .

The following lemma refines the above result by showing that a specific choice of ¢ is not important in
determining the bound.

Lemma 4.4 Let N and vy be as above, and choose some L} for sufficiently large k. Then for every q +
xhotkF (2] on the intersection of the downwards branches of vy with L}, Ordn(q + z*T*F,[z]) is bounded
above by a linear function that depends on k but not on q.

Proof. In the proof of lemma 4.3, we bounded Ordy (g + ***F,[z]) by pmax((ko + k) + 1, (ko + k) +
1 — 3l,), where ¢ is written as zlau, + xF+*F,[z]. However, if vy = 270uy + x*°F,[z] for some unit u
and integer r¢, then since q + xk°+k]Fp [x] lies on a downwards branch of vy, we can assume after possibly
rewriting ¢ + x**t*F,[x] with a different choice of center that I, > rg, since ¢ € 2™ug + z*F,[z]. But
then pmax((ko + k) + 1, (ko + k) + 1 — 3l;) < pmax((ko + k) + 1,(ko + k) + 1 — 3rp), so we can use
pmax((ko + k) + 1, (ko + k) +1 — 3rp) as our bound. Since ry does not depend on ¢ and this bound is still
linear in k, we're done. l

We need one more lemma and corollary before the main proof.

Lemma 4.5 Letn > 1 and p > 2. Then

(p* = Dp*r 2

|PSL(2,Fyla]/2"Fylz])| = 2

If p=2, then
|PSL(2,Fy[z]/2"Fplz])| = (p2 - 1)]93”72

Proof. We can explicitly identify elements of F[z]|/z"F,[z] with sums of the form Z;:Ol a;x', where
each a; € Fy,. The proof then proceeds exactly as in lemma 3.4. W

@2-1)p

Corollary 4.2 Let N € PSL(2,Fp[z]) and p > 2. Then N =  is identity-like. If p = 2, then N° is
identity-like.

Proof. The proof is analogous to corollary 3.1.

4.3 The Main Theorem: Incompatible Asymptotics

We are now ready for our main proof! We've already done almost all the work, and now just need to fit the
pieces together.

Theorem 4.1 Let f € PSL(2,Z,), g € PSL(2,F,[z]), and h € Aul(T,), such that g = ho foh~'. Then

Ord(f) = Ord(g) < 0o, and moreover Ord(f) = Ord(g) is a divisor of (ﬁ%)p. If f and g are identity-like,
then in fact Ord(f) = Ord(g) = 1.
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Proof. Assume Ord(f) and Ord(g) are not divisors of W%)”. We know that
g=hofoh!

2
Raise both terms to the w:
®2-1p ®2-1p

P = (ho fon )

®2-1p (®2-1p

qg 2 :hof 2 oh_l

2 _ 2_
By lemmas 3.4 and 4.4, both g T2 and f T are identity-like. Moreover, by assumption on the orders,

2 2
g(p T # I and f e # I. Therefore, without loss of generality, we can assume that our original f and

g were both identity-like and not equal to the identities of their respective groups. Proceeding from this
assumption, let h(0) = v (here we think of h as a function from the p-adic Serre tree to the Laurent Serre
tree), where vy = g + kaIFp [z]. Define Ly as the kth layer from 0 in the p-adic Serre tree, and Lj, as the
kth layer from vy in the Laurent Serre tree. By lemma 3.7, we can find two integral branches B, and Bs
of 0 such that for a sufficiently large k, each B; N Ly contains a vertex py; such that Ordas(pk,;) increases
exponentially with respect to k. By lemma 4.1, one of these branches, say Bj, is mapped to a downwards
branch of vg. Rename By = B and pj; = pi. Since conjugation preserves orders of elements, we can consider
the sequence h(pi) € L}, and determine Ordy (h(py)) = Ordas(px). By lemma 4.4, Ordy (h(px)) is bounded
above by an expression that is linear in k. So the sequence Ordy (h(py)) is both exponentially increasing
with respect to k, and bounded above by some expression that is linear with respect to k. Let e(k) be the
exponential lower bound and I(k) be the linear upper bound. By

e(k) < Ordy (h(pr)) < I(k)

we have

e(k) < (k)

for all k. Since any increasing exponential function (i.e. one where the base of exponentiation is strictly
greater than 1) will overtake any linear function for sufficiently large k, we obtain a contradiction. W

4.4 A Corollary for Affine Maps

Theorem 4.1 has a corollary for affine maps. First, a familiar definition:

a b
0 1
projection map. Then [ is identity-like if 71 (f) = I.

Definition 4.1 Let f(z) = az+b = [ } € Af(Z,), and let m1 : Aff(Z,) — AfRZ/pZ) be the standard

Notice that PSL(2,Z,) and Aff(Z,) have nonempty intersection, and the above definition is equivalent
to the definition of identity-like elements of PSL(2,Z,) on the intersection. An analogous definition holds
in the case of Aff(F,[x]).

As in the special linear case, we can force f to be identity-like by taking a sufficiently high power:
Lemma 4.6 Let f(2) = az +b € Af{(Z,). Then fPP=Y s identity-like.

Choosing an element of Aff(F,) requires selecting a unit a from F; and an arbitrary element b from F,,.
F, has p elements, p— 1 of which are units, so necessarily |Aff(F,)| = p(p — 1). The lemma now follows from
Lagrange’s theorem and the definition of an identity-like affine map. W

Now, the main result.

Corollary 4.3 Let f € Aff(Z,), g € Aff(F,[z]), and h € Aut(T,) so that g = ho foh™'. Then Ord(f) =
Ord(g) < oo, and additionally Ord(f) = Ord(g) is a divisor of p(p — 1).
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Proof Let f, g, and h be as above. Since g = ho foh ™!, g2 = ho f20h~!. Now, let f have matrix
representation M, where
a b
=i

and a is a unit. f is not generally an element of PSL(2,7Z,), but f? has matrix representation

M2 — ﬁf b(a1+ 1)]

This matrix still isn’t an element of PSL(2,Z,), but notice that f2(z) = a®z + b(a + 1) can also be written

as f2(Z) _ az+a71b(a+1)

— , giving an equivalent matrix representation N for f2:

N = [g a*ll;(izljt 1)}

and now N € PSL(2,7Z,). This issue of different matrix representations hasn’t arisen so far because while a
given linear fractional transformation k € PSL(2,Z,) may have multiple equivalent matrix representations,
only one of them will have determinant 1. However, in this case considering multiple representations is
crucial to show that f? € PSL(2,Z”). An analogous argument works to show ¢g> € PSL(2,F,[z]). Of
course, if f2 and g2 are in PSL(2,Z,) and PSL(2,F,[z]), respectively, then their iterates are as well.

Since either p or p—1 is even, 2|p(p—1), and PP~ and g??~1) are both identity-like and in PSL(2,7Z,)
and PSL(2,F,[z]), respectively. So theorem 4.1 tells us that f2P=1) and g?®~1) are identity maps.
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